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Abstract
We review the approach to quantum gravity based on supersymmetry, strings,
and holography. This includes a survey of black holes in higher-dimensions, super-
symmetry and supergravity, as well as string theory, black hole microstates, and the
gauge/gravity duality. This presentation will appear as a chapter in “General Rel-
ativity and Gravitation: A Centennial Perspective”, to be published by Cambridge
University Press.ar
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1 Introduction
This chapter offers a survey of ideas and results in the approach to quantum gravity based
on supersymmetry, strings, and holography.
Extra spatial dimensions appear naturally in this approach, so to set the stage we begin
in Section 2 with a discussion of general relativity in more than four spacetime dimensions.
In higher dimensions, one encounters a richness of structure with no parallel in 4D. Even
in vacuum gravity, this includes black hole solutions with non-spherical horizon topologies,
black hole non-uniqueness, and regular multi-horizon black holes. We give an overview of
such solutions and their properties, both in the context of Kaluza-Klein theory and for
asymptotically flat boundary conditions.
A very interesting extension of general relativity is to include matter in such a way that
the action becomes invariant under supersymmetry transformations. Supersymmetry is a
remarkable symmetry that relates bosons and fermions. It is the only possible extension of
the Poincare´ group for a unitary theory with non-trivial scattering processes. Supersymme-
try is considered a natural extension of the standard model of particle physics; the study of
how supersymmetry is broken at low energies, and its possible experimental consequences,
is an important active research area in particle physics. Furthermore, independently of
its potential phenomenology, supersymmetry offers strong calculational control and that
makes it a tremendously powerful tool for analyzing fundamental properties of quantum
field theories.
When supersymmetry and general relativity are combined, the result is supergravity.
The metric field is accompanied by a spin-3/2 spinor field and this gives a beautiful and
enticing playground for advancing our understanding of quantum gravity. Supergravity the-
ories exist in spacetime dimensions D ≤ 11 and they provide a natural setting for studies of
charged black holes. Certain extremal limits of charged black holes in supergravity are in-
variant under supersymmetry; such ‘supersymmetric black holes’ are key for understanding
the statistic mechanical nature of black hole thermodynamics, specifically the microstates
responsible for the Hawking-Bekenstein entropy. An example of a supersymmetric black
hole is the extremal Reissner-Nordstrom solution.
Section 3 begins with a brief introduction to supersymmetry and supergravity, followed
by a survey of supersymmetric black holes and their properties. We then discuss perturba-
tive quantization of gravity as a quantum field theory, an approach in which the metric field
is quantized in a flat-space background and the resulting gravitons are point-like spin-2 par-
ticles. It is well-known that this approach leads to ultraviolet divergences, starting at 2-loop
order in pure gravity, that — unlike the corresponding infinities in gauge theories — cannot
be cured as gravity is a non-renormalizable theory. However, in supergravity, the symmetry
between bosons and fermions results in crucial cancellations in graviton scattering ampli-
tudes and this can delay the occurrence of the ultraviolet divergences to higher-loop order.
It has even been suggested that with maximal supersymmetry, perturbative supergravity
in 4D may be free of such ultraviolet divergences. We will offer a short description of these
ideas and related results.
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A profound solution to the problem of ultraviolet divergences in quantum gravity is
to treat gravitons as extended one-dimensional objects: strings. Then the short-distance
behavior is regulated by the finite extent of the string and scattering processes are free of
ultraviolet divergences. Thus string theory is a very promising framework for a quantum
theory of gravity. String theory naturally incorporates supersymmetry, and general relativ-
ity — and its extension to supergravity — emerges as a low-energy effective theory. String
theory predicts extra spatial dimensions, so compatibility with observations requires that
either these extra dimensions are compact and small (incorporating Kaluza-Klein theory)
or that we live on a 3 + 1 dimensional subspace of this higher-dimensional spacetime.
Section 4 is dedicated to an introduction to string theory. We begin with an overview of
perturbative string theory and then turn to nonperturbative aspects, specifically quantum
black holes. One of the remarkable features of string theory is that it provides a precise mi-
croscopic description of black hole entropy and Hawking radiation for certain black holes,
specifically the supersymmetric or near-supersymmetric black holes. We describe in de-
tail the precision-counting of black hole microstates in string theory and its match to the
Bekenstein-Hawking entropy.
At the nonperturbative level, there are arguments that quantum gravity might be holo-
graphic: this is the notion that physics in a region of space is completely described by
degrees of freedom living on the boundary of this region. This idea was originally proposed
based on considerations of black hole entropy. The entropy of a black hole scales with
its area, in striking contrast to most systems which have an entropy proportional to their
volume. This suggests that everything that happens inside the black hole might be encoded
in degrees of freedom at the horizon. A precise formulation of holography emerges from
string theory and is called “gauge/gravity duality”. In Section 5, we discuss holography
and present a detailed account of the motivation for gauge/gravity duality and the evidence
in its favor. Recent years have seen applications of gauge/gravity duality to a wide vari-
ety of problems in physics, including black holes, quark confinement, hydrodynamics, and
condensed matter physics. We give a brief survey of these results.
Section 6 contains some concluding remarks. It is our hope that this chapter will convey
the depth and richness of the subjects mentioned above and motivate the reader to pursue
further information in the references provided throughout the text.
2 Gravity in D dimensions
At first sight, general relativity in a D-dimensional spacetime looks much like 4D general
relativity. The Einstein equation takes the same form
GMN = 8piGD TMN , (2.1)
in which GD is the D-dimensional Newton’s constant and the Einstein tensor is given in
terms of the Ricci tensor as GMN = RMN − 12gMNR. The spacetime indices M,N run over
0, 1, 2, . . . , D − 1. The field equations can be derived using the variational principle from
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the D-dimensional Einstein-Hilbert action
SEH =
1
16piGD
∫
dDx
√−g R + Smatter , (2.2)
where the stress-energy tensor is TMN = − 2√−g δSmatterδgMN .
Given the similarities, one expects that solutions to the 4D Einstein equation have
straightforward generalizations to higher dimensions. This is indeed the case, for example
the Schwarzschild metric generalizes to D > 4 dimensions as a solution to the vacuum Ein-
stein equations. The metric of the D-dimensional Schwarzschild-Tangherlini solution
[1] found in 1963 is
ds2 = −
[
1−
(r0
r
)D−3]
dt2 +
[
1−
(r0
r
)D−3]−1
dr2 + r2 dΩ2D−2 , (2.3)
where dΩ2d is the line element for a d-dimensional round unit sphere, S
d. The horizon is
located at r = r0 and has topology S
D−2. Black hole thermodynamics works the same in
higher dimensions as in 4D. This includes the first law and the area theorem. For the D-
dimensional Schwarzschild-Tangherlini black holes, the ADM mass, temperature (calculated
from the surface gravity κ), and horizon ‘area’ are1
M =
(D − 2)ΩD−2rD−30
16piGD
, T =
κ
2pi
=
D − 3
4pir0
, A = ΩD−2rD−20 , (2.4)
where Ωd the volume of the unit d-sphere. The entropy is S = A/(4GD). These quantities
satisfy dM = TdS, and the Smarr relation (D − 3)M = (D − 2)TS.
There are of course also important differences as D varies. For example, it is well-known
that there is no 3D vacuum black hole,2 so the 4D Schwarzschild solution does not generalize
as we go down in dimension. Might it be that there are black hole solutions in D > 4 that
do not exist in 4D? The answer turns out to be yes.
That gravity has richer structure in higher dimensions is apparent already from solutions
to the linearized Einstein equation. For example, a gravitational wave in D dimensions has
D(D − 3)/2 degrees of freedom. This formula counts the well-known 2 polarizations of
a gravitational wave in a D = 4 dimensional spacetime. But it also tells us that in 3
dimensions there are no propagating modes of gravity. Going up in dimensions, we learn
that a gravitational wave in 5D carries 5 degrees of freedom, in 6D it is 9 degrees of freedom,
and so on. This hints that gravitational dynamics has important dimensional dependence
and that going up in spacetime dimension gives ‘more freedom’ and new phenomena may
be found. In this section, we give several examples of the rewards of studying gravity in
spacetime dimensions D > 4.
1We will refer to the horizon volume as ‘area’ although of course it is the volume of a (D−2)-dimensional
manifold.
2With a negative cosmological constant, there is a 3D black hole [2].
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2.1 Kaluza-Klein theory
One motivation for studying higher-dimensional gravity is that it offers a method for unify-
ing gravity with other forces, as first explored by Kaluza and Klein in the early 1920’s [3, 4].
The idea is that pure gravity in 5-dimensions can be viewed as a Maxwell-scalar-gravity
system in 4-dimensions. To see how it works, we write an ansatz for the 5D metric
ds25D = gMN dX
MdXN = eφ/
√
3 gµν dx
µdxν + e−2φ/
√
3
(
dy + Aµdx
µ
)2
, (2.5)
where M,N = 0, 1, 2, 3, 4 and µ = 0, 1, 2, 3. Let us assume that gµν , φ and Aµ are indepen-
dent of X4 = y and that the y direction is a circle S1 of radius R. Evaluating the 5D Ricci
tensor with this ansatz, one finds (after partial integration) that the 5D Einstein-Hilbert
action can be written
S =
1
16piG5
∫
d5X
√−g5R5D
=
1
16piG4
∫
d4x
√−g
(
R4D − 12∂µφ ∂µφ− 14e−
√
3φFµνF
µν
)
,
(2.6)
where Fµν = ∂µAν − ∂νAµ is a Maxwell field strength and the 4D indices µ, ν are low-
ered/raised with the 4D metric gµν and its inverse. The 4D Newton’s constant is related
to the 5D one by
G4 = G5/(2piR) . (2.7)
Let us now consider the equations of motion derived from (2.6). The 4D description
gives the Einstein equation coupled to a Maxwell field and the scalar φ called the ‘dilaton’.
In addition, we have the matter equations of motion: the Maxwell equation, with its non-
minimal coupling to φ, and the scalar equation of motion sourced by the Maxwell field.
This appears to be a rather complex gravity-electromagnetic system. However, from the
5D point of view, this is nothing but vacuum gravity: the 5D equation of motion is just
the vacuum Einstein equation. Thus ‘lifting’ the 4D system to 5D unifies electromagnetism
with gravity! This is a very clean and beautiful example of unification of forces.
In the Kaluza-Klein ansatz (2.5), we assumed that the metric components were in-
dependent of the S1 direction y. Generally, we could express the dependence of y in terms
of the Fourier modes of the 4D fields, e.g.
φ(x, y) =
∑
n
φn(x) e
iny/R . (2.8)
It follows from the φ equation of motion that the modes with non-zero n have mass-terms
of the order |n|/R. If the radius of the Kaluza-Klein circle R is very small compared to
energies we are interested in (or that otherwise appear in the system), then in a low-energy
long-wavelength approximation these modes do not contribute. Thus we can truncate the
n 6= 0 modes and focus only on the massless modes. This means that we are effectively
taking the fields to be independent of y, and that is exactly the Kaluza-Klein ansatz.
The S1 Kaluza-Klein reduction (also known as dimensional reduction) from 5D to 4D
described above — or, equivalently, the unifying lift from 4D to 5D — can be generalized to
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D-dimensions with minor changes in the numerical coefficients for the dilaton dependence.
It also has generalizations to reduction on other manifolds than a circle, for example on
a torus S1 × S1 or a sphere Sd. The required key property is that the lower-dimensional
equations of motion are consistent truncations of the higher-dimensional ones.
The Kaluza-Klein reduction is the proto-type for compactifications of a higher-dimen-
sional system to a lower-dimensional one. Compactifications play a central role in many
areas of high-energy theoretical physics, both in field theory and in string theory. For
now, we focus on classical aspects of higher-dimensional gravity so we will consider various
solutions to the D-dimensional Einstein equations, in the context of the Kaluza-Klein ansatz
as well as more generally.
2.2 Black strings
As a simple, but nonetheless quite interesting, example of a Kaluza-Klein spacetime, we
consider black strings. Choose the Schwarzschild solution as the 4D solution in the Kaluza
Klein ansatz. The ansatz (2.5) then has φ = 0 and Aµ = 0 and it tells us that the metric
ds25D = −
(
1− 2G4M
r
)
dt2 +
(
1− 2G4M
r
)−1
dr2 + r2 dΩ22 + dy
2 (2.9)
solves the 5D vacuum Einstein equation. At any constant y-slice, the geometry described
by (2.9) looks like a 4D Schwarzschild black hole with mass M , so it describes a continuous
uniform string of Schwarzschild black holes: it is called a homogeneous black string.
When y is a circle, the topology of the black string horizon is S2 × S1.
Now, let us think of the black string as a uniform distribution of mass along the circle
parameterized by y. Suppose this distribution of mass is perturbed a little: then there will
be regions of higher mass-density and regions of lower mass-density. The denser regions
will tend to attract more matter and grow while the lower-density regions are depleted.
This indicates that the black string has a classical instability. Indeed, when the radius
of the circle R is (roughly) larger than the Schwarzschild radius 2GM , the homogeneous
black string solution (2.9) is unstable to spherical linear perturbations, as demonstrated
first by Gregory and Laflamme [5]. The evolution of the Gregory-Laflamme instability
is exactly as our intuition indicates: the black string horizon becomes non-uniform along y
as some parts of the string bulge while others shrink when the mass concentrates/depletes
the corresponding regions. The S2 of the constant y-slices are not perturbed, it remains
round.
What is the endstate of the Gregory-Laflamme instability? The intuitive description
of the instability as mass concentrations in certain regions of the y direction indicates
that a localized black hole forms. Such a localized black hole would be like the D = 5
Schwarzschild-Tangherlini black hole (2.3), but placed in a spacetime with a compact S1
direction. We can easily imagine this when the black hole is much smaller than the S1; the
black hole does not ‘know’ that the y-direction is compact, so it is essentially unaffected.
However, if the Schwarzschild radius of the black hole is comparable to the size of the S1,
there will be a significant backreaction that deforms the shape of the horizon (while keeping
6
Figure 1: Embedding plots of D = 5 Kaluza-Klein black hole horizons: A-E show the
localized black holes and F-I are non-uniform black strings. (Plots from [6].)
its S3 topology). Such localized black hole solutions have been constructed numerically;
Fig. 1 shows the change of horizon shape as the mass of the black hole is increased for fixed
size of the Kaluza-Klein circle at infinity.
For the localized black hole to be an endstate of the Gregory-Laflamme instability re-
quires the horizon topology to transition from the S2 × S1 of the string to the S3 of the
localized black hole. Classically, the horizon cannot bifurcate without forming a naked sin-
gularity at the pinch-off [7]. In classical gravity the pinch-off is not reached in finite affine
time along the null generators of the horizon [8], but a numerical analysis [9] indicates that
a naked singularity forms in finite asymptotic time as the horizon pinches. In fact, the nu-
merical work [9] reveals that the horizon develops in an approximately self-similar fashion at
late times: the black string becomes a string of 5D black holes of various sizes connected by
thin strings. These thin strings are themselves subject to the Gregory-Laflamme instability
and this results in further clumping, thus giving a self-similar evolution. (This is similar
to the behavior in a low-viscosity fluid stream: the Rayleigh-Plateau instability causes a
cascade of spherical beads to develop in a self-similar manner along the stream [10].)
Since a naked singularity forms without fine-tuning of the initial data, this constitutes
a violation of cosmic censorship. Classical gravity can no longer be trusted near the singu-
larity and it is expected that quantum gravity effects must be included to understand the
evolution. However, the most natural outcome is simply that the horizon bifurcates and
the endstate of the Gregory-Laflamme instability is a localized black hole.
The homogeneous black string and the localized black holes are not the only static black
hole solutions to the 5D vacuum Einstein equations with Kaluza-Klein boundary conditions.
As one increases the mass of a localized black hole on a circle of fixed asymptotic size
L = 2piR, there is a critical mass G5M/L
2 ∼ 0.12 where the horizon merges across the
Kaluza-Klein circle and for larger masses one has a new inhomogeneous black string
solution whose horizon topology is S2×S1. It has been constructed numerically [11, 12, 13];
embeddings of the horizon is illustrated in Fig. 1.
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Figure 2: Phase diagram for D = 5 Kaluza-Klein black holes. The horizon ‘area’ is plotted
versus the black hole mass for fixed length L = 2piR of the Kaluza-Klein circle at asymptotic
infinity. The localized black hole curve (solid) starts off as A ∝ M2/3 at small mass, since
for small G5M/L
2 it behaves as the asymptotically flat 5D Schwarzschild-Tangherlini black
hole. The dashed curve for the homogeneous black string is A ∝ M2 reflecting the area
dependence of the 4D Schwarzschild black hole of the string. The inhomogeneous black
string branch (also solid) begins at the point G5M ≈ 0.7L2 where the Gregory-Laflamme
instability first sets in. Numerics make it plausible that the branch of inhomogeneous black
strings merge near G5M ≈ 1.2L2 with the localized black hole branch, as indicated in the
plot. (Plot from [6].)
The 5D vacuum solutions discussed here — the homogeneous and inhomogeneous black
strings and the localized black hole — all have Kaluza-Klein asymptotics: at large r, these
5D vacuum solutions approach 4D Minkowski spacetime times the Kaluza-Klein circle S1.
Fig. 2 indicates the different solution branches in a “phase diagram” where solutions are
compared for fixed size of the Kaluza-Klein circle at infinity. Note that there can be more
than one solution with the same mass; so we have black hole non-uniqueness in 5D
Kaluza-Klein spacetimes! As shown in the phase diagram in Fig. 2, the inhomogeneous
black string joins the homogeneous black string at the onset of the Gregory-Laflamme
instability. This is expected due to the existence of a static inhomogeneous perturbation at
this point. It is also clear from Fig. 2 that the entropy of the inhomogeneous black string is
smaller than that of the homogeneous black string of the same mass, so the area theorem
implies that it could not have been a viable endstate of the Gregory-Laflamme instability,
It interesting to note that there is no positive energy theorem for Kaluza-Klein space-
times; in fact there exist solutions with arbitrarily low energy3 [15, 16]. Moreover, the
simplest Kaluza-Klein spacetime, 4D Minkowski space times a circle, is actually unstable.
It can undergo decay by nucleation of Kaluza-Klein bubbles, which are obtained by
a double analytic continuation of the 5D Schwarzschild-Tangherlini black hole [17]. This
3For a definition of energy in Kaluza-Klein theory, see [14].
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instability can be removed, and a positive energy theorem proven, by including fermions
with periodic boundary conditions on the S1 [18]. These fermions are naturally included
in the supersymmetric theories we discuss later. The existence of Kaluza-Klein bubbles
actually allow for even more classical solutions to the 5D Einstein equation with Kaluza-
Klein boundary conditions: these are static, analytically known solutions that describe
combinations of black strings, black holes, and Kaluza-Klein bubbles [19, 20].
In our presentation of 5D Kaluza-Klein gravity, we have encountered a richness of struc-
ture: linearly unstable black strings, black hole non-uniqueness, and violation of cosmic
censorship. It turns out that this also carries over to black holes in asymptotically flat 5D
spacetimes. This is the subject of the next section.
2.3 Asymptotically flat black holes in D = 5 vacuum gravity
We have already described a black hole solution in D-dimensional asymptotically flat space,
namely the Schwarzschild-Tangherlini solution (2.3). Black holes in 4D vacuum gravity are
characterized by their mass M and angular momentum J . The 4D rotating black hole
described by the Kerr solution can be generalized to D > 4 dimensions: the rotating black
hole solutions of the D > 4 dimensional vacuum Einstein equation were found analytically
in 1986 [21] and are called Myers-Perry black holes.
In 4D spacetime, angular momentum is often associated with an axis of rotation, but
this is an artifact of having three spatial directions. It is more general to associate angular
momentum with planes of rotation; in three spatial dimensions a plane is characterized by
its normal vector, but this is not true in higher dimensions. The independent planes of
rotation in D dimensions can be characterized by the b(D − 1)/2c independent generators
of the Cartan subalgebra of the D-dimensional rotation group SO(D−1). Thus, in addition
to its mass M , the 5D Myers-Perry black hole is characterized by two angular momenta J1
and J2 associated with rotations in two independent planes, say (x
1x2) and (x3x4). The 5D
Myers-Perry metric is
ds2 = −dt2 + µr
2
∆
(
dt+ a1 cos
2 θ dφ1 + a2 sin
2 θ dφ2
)2
(2.10)
+
∆
(r2 + a21)(r
2 + a22)− µr2
dr2
+(r2 + a21)(sin
2 θ dθ2 + cos2 θ dφ21) + (r
2 + a22)(cos
2 θ dθ2 + sin2 θ dφ22) ,
where
∆ = (r2 + a21)(r
2 + a22)
(
1− a
2
1 cos
2 θ
r2 + a21
− a
2
2 sin
2 θ
r2 + a22
)
. (2.11)
The topology of the horizon is S3, but with rotation turned on, its shape is no longer round,
but pancaked in the planes of rotation. The mass and angular momentum are
M =
3pi µ
8G5
, Ji =
pi µ
4G5
ai . (2.12)
The first law of thermodynamics is now dM = TdS + Ω1dJ1 + Ω2dJ2 with Ω1,2 the angular
velocities of the horizon. This is a straightforward generalization of the first law for Kerr
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Figure 1: Phases of five-dimensional black holes including black Saturns. We fix total mass
M = 1 and plot total area vs. spin. The solid curves correspond to single MP black holes and
black rings. The semi-infinite shaded strip, spanning 0 ≤ J˜ < ∞, 0 < A˜ < 2√2, is covered by
black Saturns. Each point in the strip actually corresponds to a one-parameter family of Saturn
solutions. The top end A˜ = 2√2 with J˜ 6= 0 is reached only asymptotically for black Saturns with
infinitely long rings. Solutions at the bottom A˜ = 0 are naked singularities. For a fixed value of
J˜ we can move from the top of the strip to the bottom by varying the spin of the central black
hole J˜h from 0 to 1. For fixed area we can move horizontally by having J˜h < 0 and varying the
spin of the ring between |J˜h| and ∞.
the total mass M . So, fixing
M = 1 (2.7)
we want to know which solutions exist for a given total J , and what their total entropy is.
In particular, we want to find the configurations with maximal entropy.
The simplest black Saturns consist of a central MP black hole and a single black ring.
The actual solutions are rather complicated due to the gravitational interactions between
both objects, but if R1 % Rh these effects become negligible. If Mh is not much smaller
than Mr, this requires a very thin ring, i.e., small ν.
4 Observe in particular that the
dragging effect that the black ring has on the central black hole can be made arbitrarily
small, no matter how large J˜r, by making the ring thin and long enough. This becomes
clear by recalling that black rings resemble boosted black strings, whose dragging falls off
asymptotically in the transverse radial direction r like ∼ R2/r, where R2 is the radius of
the S2 of the string. So the effect near the center of the ring is at most ∼ R2/R1 ' ν.
4Thicker rings with a tiny black hole at the center are of little interest to us here, since they give phases
with entropy very close to that of single black rings.
4
Figure 3: Phase diagram for asymptotically flat D = 5 black holes with angular momentum
in one plane: 5D Myers-Perry (light line), black rings (dark line), and black saturns (gray
shaded). The plot shows for fixed mass scale M = 1 horizon area (entropy) A versus
angular momentum J in rescaled units A˜ = √27/(256piG35)A and J˜ = √27pi/(32G5)J .
(Plots from [25, 26].)
black holes. Just as for Kerr, there is an upper bound on the magnitude of the angular
momentum for given mass: M3 ≥ (J˜21 + J˜22 + 2|J˜1J˜2|), where J˜i = √27pi/32G5Ji . When
both angular momenta are non-vanishing, the 5D Myers-Perry solution approaches a smooth
solution describing an extremal black hole with T = 0, just like Kerr. However, when one
of the angular momenta vanishes, say J2 = 0, the maximally rotating 5D Myers-Perry
black hole becomes singular. I is smooth for J˜21 < M
3, but as he angular m mentum is
increased from J˜1 = 0 to the maximum value, the orizon ‘area’ decreases monotonically
to zero as t e horizon flattens out i the plane of rotation.
Now it turns out that the Myers-Perry black holes are not the only regular black hole
solutions to the 5D vacuum Einstein equation: there is another class of solutions called
black rings. The black rings have horizon topology S2 × S1 and the metrics are known
analytically [22, 23]. To get some intuition for what a black ring is, recall the black string:
suppose you take a 4D Schwarzschild black hole times a line, but instead of wrapping the
string on a Kaluza-Klein circle, close it into a round ring in an asymptotically flat spacetime.
Then we have a black hole with S2× S1 topology, i.e. a black ring. The difference between
a black ring and a black string is that the S1 of the ring is contractible, whereas the S1 of
the string is not.
A ring-like distribution of mass in space is going to collapse upon itself, so clearly no
black ring solution can exist without something balancing its gravitational self-attraction.
In vacuum, a static ring can be constructed in 5D asymptotically flat space, but it suffers
from a conical excess angle inside the plane of the ring; the excess is needed to support the
ring-shaped horizon topology. However, the black ring can be balanced against self-collapse
by giving it angular momentum in the plane of the ring. For a given ADM mass M , the
minimum angular momentum needed is J˜2 > 27
32
M3 [22, 24] and when this bound is satisfied
there are black ring solutions that are smooth everywhere outside and on the horizon.
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As solutions to the vacuum Einstein equations, black hole thermodynamics is valid for
black rings too, with entropy proportional to the three-dimensional ‘area’ of the horizon.
Figure 3 is a plot of entropy versus angular momentum J for smooth 5D Myers-Perry black
holes and the black rings. The black holes and rings in this plot have rotation only in one
plane, and for the ring, this is the plane of its S1, as needed to balance it. Let us highlight
some remarkable features:
• There are two branches of black rings, the ‘lower’ one consists of ‘fat’ flattened-out
black rings, while the higher entropy branch are thin black rings. The two branches
meet at the cusp where the angular momentum takes its minimal possible value,
J˜2
M3
= 27
32
.
• In the range 27
32
≤ J˜2
M3
< 1, three distinct black hole solutions exists: one Myers-Perry
black hole and two black rings, thin and fat. This is an exciting (and historically
first) example of black hole non-uniqueness in an asymptotically flat spacetime.
Of course, this is completely different from 4D in which the Kerr black hole famously
is the only smooth asymptotically flat stationary black hole vacuum solution.
• For the thin black rings, there is no upper bound on the magnitude of the angular
momentum. As J2/M3 increases, the ring’s S1 radius grows and the ring becomes
very thin. A small part of the ring will look like a piece of a boosted black string [25]
— given that it is thin, one would expect it to undergo Gregory-Laflamme instability.
As the instability develops, there will be gravitational radiation from the time-varying
quadruple moment of the rotating bumps on the ring, but the time scale of radiating
away these bumps cannot compete [25] with the time scale of the horizon pinch, so
the likely endstate of the instability of an ultra-spinning black ring is a pair of black
holes flying apart in such a way that the angular momentum is preserved. The pinch
of the horizon would go through a naked singularity, so this would also constitute a
violation of cosmic censorship.
Now just as the Myers-Perry black holes can carry angular momentum in the two inde-
pendent planes of R4, so can black rings. As an intuitive picture, consider starting with a
black string made from a Kerr black hole (instead of Schwarzschild) times a line. Then bend
this Kerr string into a ring and set it into rotation in the plane of the S1 of the ring. That
gives a rotating black ring with angular momentum also on the S2 of the ring cross-section.
Saying the words is easy, but the construction of the doubly-rotating black ring as a
solution to the 5D Einstein equation is less trivial. An exact solution does exist [27]; it was
constructed using the ‘inverse scattering method’ [28, 29, 30]. An analysis of the physical
properties of the doubly-rotating black ring can be found in [31].
The inverse scattering method is an integrability technique that uses Lax pairs to gener-
ate new solutions to non-linear partial differential equations with input of a known solution.
The method was originally used to study solitonic waves in shallow water. In the late 1970’s
it was realized [28] that such techniques can also be applied to the 4D Einstein equations
for co-dimension 2 systems. For example, one can use inverse scattering to generate the full
Kerr solution from flat Minkowski space [30]. Much more recently, the inverse scattering
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method was applied to generating solutions in 5D gravity and several new solutions were
found. Let us survey them.
Consider the balance of the singly spinning black ring: for a given mass M and J
above the lower bound, the ring adjusts its radius to achieve the needed balance. One can
simulate this with a Newtonian model of a rotating rubber band that wants to contract
to zero size: balance between the band tension and the centrifugal force is obtained for
only one special radius. Now suppose the ring (or rubber band) is placed in an external
central attractive potential. It then has to rotate a bit faster to be balanced at the same
radius. This situation can happen too in 5D general relativity: we can imagine a rotating
black ring balanced around a central 5D Schwarzschild-Tangherlini black hole. Remarkably,
there exists an exact analytic solution to the 5D Einstein vacuum equations that realizes
this Black Saturn configuration [32]. It is completely smooth everywhere outside and on
the two horizons [32, 33]. The Black Saturn solution was constructed using the inverse
scattering technique.
Black Saturn displays a number of novel properties [32]:
• It offers 2-fold continuous black hole non-uniqueness: for given ADM mass M (the
total mass of the hole-ring system) and total ADM angular momentum J , there are
continuously many ways of distributing the mass and angular momentum among the
two black objects of the saturn system. The ring and hole can be co-rotating or
counter-rotating.
• It shows that the 5D Schwarzschild-Tangherlini solution (2.3) is not the unique solu-
tion with zero ADM angular momentum. One can arrange the ring and hole of Black
Saturn to be counter-rotating in such a way that the total system has zero angular
momentum at infinity. This leaves the freedom of the mass distribution between the
hole and the ring, thus leaving a continuous 1-parameter family of J = 0 solutions
which are degenerate (as far as asymptotic data goes) with the 5D Schwarzschild-
Tangherlini black hole (but have smaller entropy).
• The Black Saturn system illustrates frame-dragging effects as can be seen by studying
the effect of, say, the rotating ring on the central black hole.
• No Black Saturn configuration has higher entropy than that of the 5D static Schwarz-
schild-Tangherlini black hole, but it can come arbitrarily close. In fact the whole gray
shaded region of phase space with S < SSchw and J˜ ≥ 0 in Fig. 3 is filled out by a
continuum of Black Saturn configurations [26].
In our solar system, the planet Saturn has more than one ring and this is also possible
for Black Saturn. One can use the inverse scattering method to construct exact Black
Saturn solutions with any number of rings rotating in the same plane. And why keep the
‘planet’? Drop the black hole at the center and simply just have a multi-ring system;
the simplest case with two rings in the same plane is called a di-ring solution [34, 35]. And
we can take this even further: why should the rings be in the same plane? After all, we
have two independent planes of rotation, so how about arranging two rotating rings in the
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two orthogonal planes? Such a system is known as a bi-ring (or bicycling rings) and the
exact solution has been constructed with the inverse scattering method [36, 31].
The solutions we have discussed above are “special” in the sense that they have more
symmetry than is strictly needed: they have three commuting Killing vectors ∂t, ∂φ1 , and
∂φ2 . The black hole rigidity theorem [38, 39] requires only one rotational isometry, and
even before these theorems were established it was conjectured that such less-symmetric
non-static stationary black hole solutions exist [37, 39]. This has been demonstrated by the
construction [40] of so-called helical black rings using asymptotic matching methods in
the limit of large angular momenta. Helical black rings have the same horizon topology as
the ring, S2 × S1, but are shaped as a “slinky” bent into a ring.
The richness of black holes in 5D Einstein vacuum gravity is clearly remarkable and
unparalleled in 4D. Let us now briefly discuss what is known (and not known) about black
holes in asymptotically flat spacetimes with D > 5.
2.4 Asymptotically flat black holes in D > 5 vacuum gravity
Examples of black holes in higher-dimensional Kaluza-Klein theory are easy to obtain as
direct products of lower-dimensional vacuum solutions times circles. For instance, we get
a 6D black string from 5D Schwarzschild-Tangherlini times S1. Or taking the product of
4D Schwarzschild and a torus S1 × S1, we get a 6D black membrane. Of course this
generalizes: the product of n-dimensional Schwarzschild-Tangherlini times a p-torus gives
a black p-brane in a spacetime with D = (n + p) dimensions. One can also construct
stationary solutions such as a 6D rotating ‘black cylinder’ as the product of a black ring
and a circle.
The asymptotically flat black holes we met in 5D generalize to higher dimensions. This
includes the Myers-Perry rotating black holes. Consider a D-dimensional Myers-Perry black
hole with rotation just in one plane. The metric is [41]
ds2 = − dt2 + µ
rD−5ρ2
(
dt+ a sin2 θ dφ
)2
+
(
r2 + a2
)
sin2 θ dφ2
+ ρ2 dθ2 + r2 cos2 θ dΩ2D−4 +
ρ2
∆
dr2 ,
(2.13)
where
ρ2 = r2 + a2 cos2 θ and ∆ = r2 + a2 − µ
rD−5
. (2.14)
The mass is M = (D−2)ΩD−2µ/(16piGD) and the angular momentum is J = 2Ma/(D−2).
While the angular momentum of the D = 5 Myers-Perry black hole is bounded from above,
it turns out that there is no such bound on the angular momentum for D > 5: for given
mass of the black hole, the angular momentum can be arbitrarily large. In this ultra-
spinning limit, the black hole flattens out in the plane of rotation. At some stage it becomes
very similar to a thin black membrane and is then expected [41] to undergo an instability
much like the Gregory-Laflamme instability. In several cases, this instability has been seen
numerically. If the instability mode preserves the isometry of the generators of the rotation,
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then one can imagine that it causes a pinch that splits the rotating spherical black hole
into a black ring! Or a black saturn. Or a multi-ring saturn-like system. (Generally, the
fewer number of disconnected horizons, the higher the entropy of the system.) One can
also imagine that there exist ‘lumpy’ black holes whose horizons are topologically spherical
analogous of the inhomogeneous black strings discussed in Section 2.2. The possibilities
and discussion of the phase diagram can be found in [42].
In D ≥ 5, there are also black rings and di-rings and bi-rings and saturns; but beyond
5D, no exact solutions are currently known for these. Black rings (and helical black rings)
in D > 5 have been constructed using the blackfold method [43, 44, 45, 46]. (There have
also been numerical constructions [47] of D > 5 black rings.) The blackfold method exploits
the fact that black holes in higher dimensions can have more than one characteristic scale.
For example, for a black ring, there is one scale associated with the size RS1 of the S
1 of the
ring and another RS2 with the S
2. In the ultra-rotating regime where the ring is thin, the
scales are separated RS2  RS1 . The blackfold methods exploit such separation of scales to
solve the Einstein equations in a matched asymptotic expansion. The method has also been
used to construct black holes with more exotic horizon topologies, for example products of
odd-spheres. For an overview of possibilities for the horizon topologies in 4 ≤ D ≤ 11, see
table 1 in [40].
So far, we have discussed only black holes in higher-dimensional Einstein vacuum gravity.
It is natural to introduce matter fields and also consider charged black holes. This can be
done in a general context, but with an aim toward constructing the quantum theory, in the
following we will focus on supergravity theory.
3 Supergravity
Supersymmetry is a symmetry that mixes bosons and fermions. It is the only possible
extension of Poincare´ spacetime symmetry for a unitary theory with non-trivial scattering
processes [48, 49]. Not only does this make supersymmetry a natural candidate for physics
beyond the standard model of particle physics and a beautiful path to the unification of
forces, it also provides an extremely powerful tool for understanding gauge theories — and
black holes! The combination of general relativity with supersymmetry is supergravity.
We will briefly introduce the ideas of supersymmetry and supergravity and then discuss their
impact on our understanding of charged black holes and how it improves the perturbative
quantum theory.
3.1 Supersymmetry
Let us begin with a simple, but concrete, example of supersymmetry. Consider in 4D
flat space the Lagrangian for a 2-component Weyl fermion χ and a complex scalar field φ
interacting via Yukawa terms and a quartic scalar interaction:
L = iχ†σ¯µ∂µχ− ∂µφ¯ ∂µφ+ 12g φχχ+ 12g∗ φ¯ χ†χ† − 14 |g|2 |φ|4 . (3.1)
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The bar on φ denotes the complex conjugate and we have introduced the 2 × 2 matrices
σµ = (1, σi) and σ¯µ = (1,−σi), where σi are the Pauli matrices. In addition to the usual
Poincare´ symmetry, L also has a symmetry that mixes the fermions and bosons:
δφ = 
αχα , δφ¯ = 
†
α˙χ
†α˙ ,
δχα = −iσµαβ˙ †β˙∂µφ+ 12g∗φ¯2α , δχ
†
α˙ = i∂µφ¯ 
βσµβα˙ +
1
2
gφ2 †α˙ .
(3.2)
This is an example of a supersymmetry transformation. The anti-commuting con-
stant spinor  is an infinitesimal supersymmetry parameter (a fermionic analogue of the
infinitesimal angle θ of a rotation transformation).
The anti-commuting conserved Noether supercharges Q and Q† resulting from su-
persymmetry give symmetry generators that extend the Poincare´ algebra to a graded
Lie algebra. The commutator of two supersymmetry transformations is a translation,
[δ1 , δ2 ] ∼ (†1σµ2) ∂µ, so this induces the algebra
{Q†, Q} ∼ P µ , {Q,Q} = 0 , {Q†, Q†} = 0 . (3.3)
In addition, one has [Q(†), P µ] = 0 and [Q,Mµν ] ∼ Q.
In the quantum theory, the fields φ and χ in (3.1) create a spin-0 or spin-1/2 particle
from the vacuum, respectively. Since the fields are related by supersymmetry, so are the
corresponding particles. The algebra outlined above implies that P 2 = PµP
µ commutes
with the supersymmetry generators, so this means that particles related by supersymmetry
— i.e. in the same supermultiplet — must have the same mass. In our example (3.1),
the boson and fermion are both massless. The supercharges act on a particle with spin s
by relating it to a particle with spin s± 1
2
.
Supersymmetry implies that the number of on-shell bosonic and fermonic degrees of
freedom are equal.4 In our example (3.1), the complex scalar encodes two real degrees
of freedom and the on-shell Weyl fermion similarly gives two real degrees of freedom (the
positive and negative helicity states of the massless spin-1/2 fermion). Similarly, the two
helicity states ±1 of a massless vector boson, as a photon or gluon, are matched by the two
±1/2 helicity states of its supersymmetric partner fermion, a photino or gluino.
Extended supersymmetry means that one has N pairs of supersymmetry charges
QA, Q†A with A = 1, 2, . . . ,N . In that case, the supersymmetry algebra allows for the possi-
bility of a central charge extension {QAα , QBβ } ∼ αβZAB, where ZAB is antisymmetric. The
model we described above in (3.1) has N = 1 supersymmetry. In a supersymmetric theory,
we distinguish the internal ‘flavor’ symmetries that commute with the supersymmetry gen-
erators from the R-symmetries that do not. An N = 1 supersymmetric theory may have
a U(1) R-symmetry, while theories with extended supersymmetry can have non-abelian
R-symmetry, typically SU(N ), that rotates the supercharges among each other.
In a 4D theory with spin no greater than 1, the maximal admissible amount of super-
symmetry is N = 4. The 4D N = 4 supersymmetric theory turns out to be unique: it is
4Off-shell counting of bosonic and fermonic degrees of freedom also match by inclusion of auxiliary fields.
See for example textbooks such as [50] and [51].
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the maximally supersymmetric extension of Yang-Mills theory and it is known as “N = 4
super Yang-Mills theory” (SYM). Its spectrum of particles consists of the gluon, (N =)4
spin-1/2 gluinos, and 6 scalars. With the two helicity states of the gluon and the 6 real
scalars, this amounts to 8 bosonic degrees of freedom and 4 × 2 = 8 fermionic degrees
of freedom. N = 4 SYM has truly remarkable properties, for example the beta-function
vanishes at all orders in perturbation theory, so there is no running of the gauge coupling.
The theory is conformal, meaning that its super-Poincare´ symmetry is enhanced to the su-
perconformal group SU(2, 2|4). The bosonic part of this group is the 4D conformal group
SU(2, 2) ∼ SO(4, 2) and SU(4) ∼ SO(6) R-symmetry. The fermionic part is generated
by 16 supersymmetry generators QA and Q†A and 16 superconformal generators S
A and
S†A. The N = 4 SYM theory plays a key role in many modern developments in high
energy physics. The theory can also be obtained by keeping only the massless modes of
10-dimensional N = 1 super Yang-Mills theory after Kaluza-Klein reduction on a 6-torus.
Above we introduced supersymmetry in the context of flat Minkowski space and used
a constant spinor, ∂µ = 0, as the parameter in the supersymmetry transformations. This
is called global or rigid supersymmetry. The next possibility to consider is ‘gauged’
supersymmetry, i.e. local supersymmetry, where the supersymmetry parameter depends
generally on the local spacetime coordinates,  = (x): the result is supergravity.
3.2 Supergravity
Supergravity is the wonderful combination of supersymmetry and general relativity. A
general feature of supergravity is that the gravitational field gµν is partnered with a Rarita-
Schwinger field ψµ; thus the spin-2 graviton is paired with a spin-3/2 gravitino. In spacetime
dimensions D = 2, 3, 4 (mod 8), the gravitino field ψµ can be Majorana (real),
5 and in
these cases the most fundamental structure of supergravity can be described in terms of
the following action [51]6
S =
1
16piGD
∫
dDx
√−g
[
R− ψµγµνρDνψρ
]
. (3.4)
Here, γµνρ = γ[µγνγρ] is the fully antisymmetric product of three γ-matrices of the D-
dimensional Clifford algebra. The gravitino covariant derivative,
Dνψρ = ∂νψρ +
1
4
ωνabγ
abψρ , (3.5)
is given in terms of the torsion-free spin-connection ωνab. (The Christoffel connection is
not needed because of the contraction with the antisymmetric gamma-matrix.) Using the
vielbein eνa, we have
ωabµ = 2e
ν[a∂[µeν]
b] − eν[aeb]ρeµc∂νeρc . (3.6)
5In other dimensions, one uses a Dirac or symplectic Majorana spinor; the supersymmetry trans-
formations (3.7) are then modified accordingly to ensure that δe
a
µ is real. For an overview of spinor
representations in D-dimensions, see Table 3.2 in [51].
6Here and henceforth, we use Greek letters µ, ν . . . for the D-dimensional coordinate frame indices.
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Consider the local supersymmetry transformation
δe
a
µ =
1
2
¯γaψµ , δψµ = Dµ . (3.7)
It is instructive to outline how (3.7) acts on the action (3.4); for full detail, see [51]. First,
recalling the derivation of Einstein’s equation from the action principle, we are familiar
with the result of varying the Einstein-Hilbert part of the action:
δ
(√−g R) → √−g (Rµν − 1
2
gµνR
)(− ¯ γµψν) . (3.8)
Next, the variation of the spinors in the spin-3/2 kinetic term gives — after partial inte-
gration and careful tracking of the order of the fermion fields — a term proportional to
γµνρDµDνψρ. Antisymmetrization of the Lorentz-indices on the covariant derivatives allows
us to replace [Dµ, Dν ] with the Riemann curvature tensor; explicitly we have, at linear order
in the gravitino field,
δ
(
−√−g ψµγµνρDνψρ
)∣∣∣
lin.ψ
→ 1
4
√−g ¯γµνργabRµνabψρ . (3.9)
Now the product of gamma-matrices can be expanded on a basis of rank r = 1, 3, 5 anti-
symmetric products of gamma-matrices γρ1...ρr = γ[ρ1 · · · γρr]. Upon contraction with the
Riemann tensor, the rank-5 term γρµνabRµνab vanishes thanks to the Bianchi identity. The
rank-3 terms vanish as a result of application of the Bianchi identity and the symmetry
properties of the Ricci tensor. Finally, one is left with two rank-1 contributions:
δ
(
−√−g ψµγµνρDνψρ
)∣∣∣
lin.ψ
→ √−g
(
Rµν − 1
2
gµνR
)(
¯ γµψν
)
. (3.10)
This cancels the variation of the Einstein-Hilbert term (3.8) and we therefore see that the
action (3.4) is invariant under the supersymmetry transformation (3.7) to linear order in the
fermions. The cancellation of the variations (3.8) and (3.10) was first demonstrated in [52].
It is remarkable how the proof of linearized supersymmetry relies on a delicate interplay
between fundamental identities: the commutator of covariant derivatives in Riemannian
geometry, spin and the Clifford algebra, and Fermi-statistics and its connection to the anti-
commutation of the fields without which the Majorana gravitino kinetic term would be a
total derivative. Invariance at non-linear order is dimension dependent and can require
additional fields and other terms in the action. For minimal N =1 supergravity in 4D, no
other fields are needed, but the action (3.4) must be supplemented by terms quartic in the
gravitino field [52]. Local supersymmetry was also demonstrated in [53].
As with global supersymmetry, there is an equal number of fermionic and bosonic on-
shell degrees of freedom in supergravity theories. Massless particles in D-dimensional space-
time are characterized by the irreducible representations of the ‘little group’ SO(D−2) (the
part of the Lorentz group that leaves the null momentum vector invariant). The graviton
is symmetric and traceless, so that amounts to D(D−3)/2 bosonic degrees of freedom; this
is the same counting as the number of independent polarizations of a gravitational wave in
D-dimensions, as discussed early in Section 2. A Majorana gravitino in the vector-spinor
representation of SO(D − 2) has (D − 3)2b(D−2)/2c degrees of freedom. So for D = 4, the
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graviton and the Majorana gravitino each have 2 degrees of freedom and hence the N =1
supergravity multiplet in 4D consists precisely of the graviton and the gravitino.
One can couple other fields to supergravity as ‘matter’ supermultiplets. For example
in 4D we can add to the N = 1 supergravity action Nv copies of N = 1 vector multiplets
(consisting of a gauge boson and its gaugino partner) or Nχ copies of N =1 chiral multiplets
(1 spin-1/2 fermion and 1 complex scalar) while preserving N = 1 supersymmetry. If
a model has only the supergravity multiplet and no matter multiplets, we call it pure
supergravity.
Next, consider extended supergravity, i.e. supergravity theories with more than one
gravitino field. The D = 4, N = 2 pure supergravity theory [54] has 2 bosonic degrees of
freedom for the graviton, 2 × 2 fermionic degrees of freedom from the two gravitinos, and
finally 2 more bosonic degrees of freedom from a spin-1 graviphoton. One can couple to it
extra N =2 vector supermultiplets (1 gauge boson, 2 gauginos, 1 complex scalar) and still
preserve N =2 supersymmetry of the full action.
We will be describing black holes in higher dimensions, so let us next consider super-
gravity in five dimensions. The on-shell 5D graviton has 5 degrees of freedom. There is
no spinor representation that can match this, so in 5D we cannot have a simple N = 1
supergravity multiplet consisting of just a graviton and a gravitino. Instead, we can take
the gravitino to be a symplectic Majorana spinor with 2×4 degrees of freedom and include
a graviphoton with 3 degrees of freedom in the on-shell supermultiplet. This is the field
content of minimal supergravity theory in 5D and it has N = 2 supersymmetry [55]. The
bosonic action for minimal supergravity in 5D is not just Einstein-Maxwell theory, but also
has a Chern-Simons term A ∧ F ∧ F .
For a theory whose highest spin particle is the spin-2 graviton,7 the maximal amount
of supersymmetry allowed in 4D is N = 8. This is easy to see by working down from
the highest helicity state of +2 and reducing the helicity by 1/2 at each application of the
supersymmetry charge. After application of N = 8 supercharges, one reaches the helicity
−2 state of the graviton. Thus having more than 8-fold supersymmetry would give states
with spin higher than 2 in 4D.
N = 8 supersymmetry in 4D gives a uniquely determined supergravity theory, simply
called ‘N = 8 supergravity’. Its spectrum of 28 = 256 massless states is organized into
fully antisymmetric rank r representations of the global SU(8) R-symmetry: the two states
of the graviton, 8 pairs of gravitinos, 28 pairs of graviphotons, 56 pairs of spin-1/2 gravi-
photinos, and 70 scalars.
Supergravity with a spin-2 graviton as the highest spin state exists in dimensions D ≤
11. To see how the bound on the spacetime dimension arises, start in D = 11 where
the minimal spinor is a 32-component Majorana spinor. Upon dimensional reduction on
a 7-torus, an 11D Majorana gravitino gives eight Majorana gravitinos in 4D. Indeed, the
dimensional reduction of 11D supergravity on a 7-torus is N = 8 supergravity theory in
7Theories with states of spin higher than 2 have been constructed in anti-de-Sitter space (AdS), see [56],
[57] and the newer review [58]. This is particular interesting in connection with the gauge-gravity duality,
see for example [59] and [60].
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4D. The minimal spinor representation in D > 11 has more than 32 components (e.g. for
D = 12 it is 64), so starting with a gravitino in D > 11 and reducing toroidally to 4D gives
N > 8 gravitinos in 4D. If this were a 4D supergravity theory, it would have states with
spin greater than 2. Thus we conclude that we cannot have supergravity in D > 11.
In D = 11, the gravitational field gµν encodes 44 on-shell degrees of freedom. The 11D
gravitino is a Majorana spinor in the vector-spinor representation, so it has 128 degrees of
freedom. Matching the fermionic and bosonic degrees of freedom requires an antisymmetric
3-form field A
(3)
µνρ: it precisely contains the needed 84 bosonic degrees of freedom. The 11D
supergravity theory is unique and the bosonic part of the action is [61]
S =
1
16piG11
∫
d11x
[√−g(R− 1
4!
F (4)µνρσF
(4)µνρσ
)
−
√
2
3
A(3) ∧ F (4) ∧ F (4)
]
, (3.11)
where F
(4)
µνρσ are the components of the 4-form field strength F (4) = dA(3). The Chern-
Simons term is needed for supersymmetry. The fermionic terms include the standard kinetic
gravitino term of (3.4), but also terms coupling the gravitinos to F (4). The 3-form potential
A(3) naturally encodes the electric charge of a membrane in 11 dimensions; its electric charge
is captured by Gauss’ law QE ∝
∫
S7
?F (4), where ? indicate the 11D Hodge dual and the S7
is transverse to the membrane. Similarly, QM ∝
∫
S4
F (4) calculates the magnetic charge of
an object extended in 5-spatial directions in 11D. Thus, the fundamental objects carrying
electric and magnetic charges in 11D supergravity are 2-branes and 5-branes: they are
called M2- and M5-branes and we will meet them again later in our discussion of string
theory and M-theory in Section 4.
There are two distinct N = 2 supergravity theories in 10D: they are called Type IIA
and Type IIB and differ by whether the supersymmetry generators have different chirality
(Type IIA) or the same chirality (Type IIB). Type IIA can be obtained as the Kaluza-
Klein reduction of 11D supergravity on a circle. Both Type IIA and Type IIB supergravity
contain an antisymmetric 2-form potential Bµν . The objects that are electrically charged,
QE ∝
∫
S7
?H, under the corresponding 3-form flux H = dB are 1-dimensional: they are
strings! Indeed, it turns out that the Type II supergravity theories are low-energy limits of
superstring theories with N =2 supersymmetry.
Upon Kaluza-Klein compactification of the 11D supergravity theory to lower dimensions,
one obtains many other interesting D-dimensional supergravity theories. For example, the
5D minimal N = 2 supergravity theory described above is a certain truncation of 11D
supergravity on a 6-torus. And, as noted earlier, N =8 supergravity in 4D arises from 11D
supergravity by reduction on a 7-torus.
In contemporary applications, compactifications of 11D supergravity, or 10D Type
IIA/IIB supergravity, on curved manifolds are very important. When a Kaluza-Klein reduc-
tion of supergravity is performed on a manifold with positive curvature, such as a p-sphere
Sp, the resulting lower-dimensional theory is ‘gauged’ supergravity. One can think of the
‘gauging’ as having the gravitinos charged under the gauge fields. Gauged supergravity
typically comes with a non-trivial scalar potential — or in the simplest cases a negative
cosmological constant. Whereas Minkowski space is the simplest ‘vacuum’ solution for
ungauged supergravity, anti-de-Sitter space (AdS) is a simplest solution in gauged super-
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gravity. As an example, Type IIB supergravity on an S5 gives a 5D gauged supergravity
theory [62] that plays a central role in studies of the gauge-gravity duality. We discuss this
further in Section 5.
3.3 Charged black holes, BPS bounds, and Killing spinors
In Section 2 we discussed higher-dimensional black holes as solutions to the vacuum Einstein
equations. It is very interesting to study classical solutions in supergravity, in particularly
those with special supersymmetric properties, as we now describe.
Denoting generic bosonic and fermonic fields by B and F , supersymmetry transforma-
tions generically take the schematic form [51]
δB = ¯ f(B)F +O(F
3) , and δF = g(B) +O(F
2) , (3.12)
where f and g are functions of the bosonic fields and their derivatives. We are interested in
classical solutions (of the supergravity equations of motion) that the supersymmetry trans-
formations (3.12) leave invariant. Typically, we consider solutions that only have non-trivial
bosonic fields, i.e. all the fermion fields are set to zero, F = 0. Since the supersymmetry
variation of bosons (3.12) are proportional to the fermion fields, they automatically vanish,
δB = 0, on a purely bosonic solution. On the other hand, we get non-trivial constraints
from the condition that fermion variations vanish, δF = 0. In the simplest form (3.7),
the constraint is 0 = δψµ = Dµ, so it requires the existence of a covariantly constant
spinor . More generally, there will be other fields involved in the condition δF = 0; we
will see examples shortly. The spinors that solve the constraints arising from setting the
supersymmetry variations of the fermion fields to zero are called Killing spinors. If a
classical solution has n parameters characterizing its Killing spinors, it is said to preserve
n supersymmetries.
The existence of Killing spinors has important implications. For example, the bispinor
products of Killing spinors ¯1γ
µ2 are Killing vectors associated with the ordinary (bosonic)
symmetries of the spacetime solution. And very importantly, the Killing spinor equations
imply a set of first order equations consistent with the equations of a motion, making it
easier to find exact solutions.
Another important implication is that the existence of Killing spinors implies that cer-
tain energy bounds are saturated. These are called BPS bounds after Bogomol’nyi, Prasad,
and Sommerfield [63, 64]. Thus solutions with Killing spinors are often called BPS solu-
tions.
As a simple example, Witten’s proof of the positive energy theorem [65] shows that
the ADM mass is positive M ≥ 0 with equality precisely when there exists a covariantly
constant spinor, Dµ = 0. In particular, Minkowski space has a covariantly constant Killing
spinor and obviously it has M = 0. It is a BPS solution in pure N = 1 supergravity.
Pure N = 1 gauged supergravity in 4D has a negative cosmological constant Λ = −3/L2
and the Killing spinor equation is
0 = δψµ = Dµ− 1
2L
γµ . (3.13)
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Four-dimensional anti-de-Sitter space (AdS4) admits such a Killing spinor, so AdS with
radius L is a BPS solution in gauged supergravity.
Recall from Section 3.2 that the bosonic sector in pure N = 2 supergravity in 4D
consists of the gravitational field gµν and the graviphoton field Aµ. The purely bosonic part
of the action turns out to be Einstein-Maxwell theory. The vanishing of the supersymmetry
transformation of the gravitino fields in this theory gives a Killing spinor equation of the
form8
Dˆµ ≡ Dµ− 14Fνργνγργµ = 0 . (3.14)
An argument similar to Witten’s [65] shows that the mass M and electric and magnetic
charges, Q and P , of regular solutions to the equations of motion of N = 2 supergravity in
4D satisfy the bound [66]
M ≥ (Q2 + P 2)1/2 . (3.15)
Equality holds precisely when the solution admits a Killing spinor Dˆµ = 0.
The bound (3.15) looks very familiar: it is precisely the bound the Reissner-Nordstrom
black hole must satisfy in order to have a smooth horizon! Thus, the extremal Reissner-
Nordstrom black hole is a BPS solution of N =2 supergravity in 4D.
The temperature of the extremal Reissner-Nordstrom black hole is zero. However, ex-
tremality in the sense of zero temperature — or coinciding inner and outer horizons — does
not necessarily mean that the solution is BPS. For example, the extremal Kerr black hole
is not BPS: without an electromagnetic charge, a solution with M > 0 cannot saturate the
BPS bound (3.15) and hence it does not admit a Killing spinor. Similarly, no Kerr-Newman
black hole with J 6= 0 saturates the bound (3.15). Hence, there are no asymptotically flat
rotating BPS black holes in 4D ungauged supergravity.
Given our discussion in Section 2.3 of vacuum solutions describing black holes and black
rings in 5D, it is natural to ask if they have charged cousins. For simplicity, we first answer
this question in the context of minimal 5D supergravity (described briefly in Section 3.2)
and then generalize. In 5D, the equivalent of the Reissner-Nordstrom black hole is a static,
charged black hole with a round S3 horizon. In its simplest form, it is an electrically charged
solution of the equations of motion in minimal 5D supergravity. It has an extremal limit
in which the inner and outer horizon coincide; in this limit, the solution is supersymmetric
and saturates the appropriate 5D BPS bound M ≥
√
3
2
Q [67].
The 5D version of the Kerr-Newman solution is a charged version of the Myers-Perry
black hole described in Section 2.3. It can have angular momenta J1 and J2 in both the
two independent planes of 5D spacetime. The solution was first constructed in [68] and,
in its simplest version, it is a solution to minimal 5D supergravity. The BPS limit of this
charged rotating black hole is called the BMPV black hole [69]. The BMPV black hole has
M =
√
3
2
Q and — unlike in 4D — it can still carry angular momentum provided that the
magnitudes are the same in the two planes of rotation, |J1| = |J2|.
Black rings can also carry charges [24] and they have limits in which they are BPS
solutions. BPS black rings were first constructed as exact solutions in minimal 5D super-
8Here we are setting G4 = 1 for simplicity.
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gravity [70]. These BPS rings have M =
√
3
2
Q, but — contrary to the BMPV black holes
— the angular momentum J1 in the plane of the ring must be strictly greater than the
angular momentum of the S2 (the orthogonal plane): |J1| > |J2|. Charged black rings have
a new feature: they carry a non-conserved ‘dipole’ charge [24, 70] associated with applica-
tion of Gauss’ law with an S2 surrounding a piece of the ring. This measures a string-like
charge density along the S1 of the black ring; since this ring is a contractible circle, the
‘dipole’ charge is not conserved, but it impacts the solution non-trivially and is required
for smoothness of the horizon.
The BMPV black hole and the charged black rings described above have a natural
generalization [69, 71, 72, 73] in which they carry conserved charges of 3 distinct gauge
fields of a 5D supergravity theory obtained from reduction of Type IIB supergravity in 10D
on a 5-torus. The ‘minimal’ solutions are recovered in the limit where the three charges are
equal. The BPS black holes with three different charges play a key role in Section 4 when
we discuss how string theory offers a precise microscopic account of black hole entropy.
3.4 Perturbative quantum gravity
The focus of this section is on the application of standard quantum field theory in flat
spacetime to scattering of gravitons, the spin-2 particles associated with the quantization
of the gravitational field gµν . More precisely, we expand the gravitational field around a
flat space background: gµν = ηµν + κhµν , where κ
2 = 8piGD. The fluctuating field hµν is
the graviton field. Consider pure gravity without matter and expand the Einstein-Hilbert
action in powers of κhµν :
SEH =
1
2κ2
∫
dDx
√−g R
=
∫
dDx
[
h∂2h+ κh2∂2h+ κ2 h3∂2h+ κ3 h4∂2h+ . . .
]
.
(3.16)
Since the Ricci-scalar R involves two derivatives, every term in the expansion has two
derivatives. There are infinitely many terms, with increasingly delightful assortments of
index-structures; in (3.16) we have written them schematically as hn−1∂2h. There are no
mass terms in (3.16), so the particles associated with quantization of the gravitational field
hµν are massless: they have spin-2 and are the gravitons.
It is interesting to study graviton scattering processes, but we have to gauge fix the
action (3.16) before extracting the Feynman rules. A standard choice is de Donder gauge,
∂µhµν =
1
2
∂νhµ
µ, which brings the quadratic terms in the action to the form
h∂2h → − 1
2
hµν2h
µν +
1
4
hµ
µ2hν
ν . (3.17)
The propagator resulting from these quadratic terms is
Pµ1ν1,µ2ν2 = −
i
2
(
ηµ1µ2 ην1ν2 + ηµ1ν2 ην1µ2 −
2
D − 2 ηµ1ν1 ηµ2ν2
) 1
k2
. (3.18)
The external lines in graviton Feynman diagrams have two Lorentz-indices that must be
contracted with graviton polarization vectors. In 4D, the polarizations encode the two
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helicity h = ±2 physical graviton states. They can be constructed as products of spin-
1 photon polarization vectors µ±(pi). Picking a basis where 
µ
±(pi)
2 = 0, the graviton
polarizations
eµν− (pi) = 
µ
−(pi)
ν
−(pi) , e
µν
+ (pi) = 
µ
+(pi)
ν
+(pi) . (3.19)
are automatically symmetric and traceless.
The infinite set of 2-derivative interaction terms hn−1∂2h yield complicated Feynman
rules for n-graviton vertices for any n = 3, 4, 5, . . . . Together with the 3-term de Donder
propagator (3.18), this is a clear indication that calculation of tree-level graviton scattering
amplitudes from Feynman diagrams is highly non-trivial. Nonetheless, it turns out that
the final result for the on-shell amplitudes can be written in a relatively simple form (for an
overview, see [74]). In fact, there is an interesting relationship between tree-level graviton
amplitudes and gluon amplitudes in Yang-Mills theory. For the case of 4-particle amplitudes
this relationship is
M tree4 (1234) = − sAtree4 [1234]Atree4 [1243] , (3.20)
where M treen denotes a tree n-graviton amplitude and A
tree
n a (color-ordered) tree n-gluon
amplitude. The prefactor is the kinematic invariant Mandelstam variable s = −(p1 +
p2)µ(p1 + p2)
µ. In four dimensions, the relation between the scattering states in (3.20) is
graviton±2(pi) = gluon
±1(pi)⊗ gluon±1(pi) , (3.21)
where ± indicates the helicity state.
There are similar (although somewhat more involved, see Appendix A of [77]) expres-
sions for M treen in terms of sums of products of two A
tree
n for all n. These are called the
KLT relations after Kawai, Lewellen and Tye [76] who first derived such relations between
closed and open string amplitudes; the field theory relations, such as (3.20), are obtained in
the limit where the string tension goes to infinity and the string behaves as a point particle.
We discuss string theory in Section 4.
From the point of view of the Lagrangian (3.16), the KLT relations are very surprising.
Field redefinitions and clever gauge choices can bring the Feynman rules into a KLT-like
form; see [78, 79, 80] and the review [81]. More recently, another form of the relation
between gravity and gauge theory amplitudes has been found: it is known as BCJ duality
relations, named after Bern, Carrasco, and Johansson [82]. Contrary to the KLT relations,
the BCJ relations can also be applied at loop-level; not only do they offer a powerful
alternative to the gravitational Feynman rules, they also hint at a possible deeper structure
in perturbative gravity. The study of the surprisingly rich and enticing mathematical
structure of scattering amplitudes in both Yang-Mills theory and in gravity is currently an
exciting area of research (see for example [75, 74]).
Let us now discuss the behavior of graviton loop amplitudes in the high-energy (ultravi-
olet, UV) limit. Consider for example a 1-loop diagram with m external gravitons and only
cubic interactions. The numerator of the loop-integrand can have up to 2m powers of mo-
menta, since each graviton interaction vertex has two derivatives, and with m propagators,
this naively gives
gravity 1-loop diagram ∼
∫ Λ
d4k
(k2)m
(k2)m
∼ Λ4 . (3.22)
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This is power-divergent as the UV cutoff Λ is taken to ∞ for all m. On the other hand,
for Yang-Mills theory, the interactions are at most 1-derivative, so the integral (3.22) (now
with m external gluons) has at most km in the numerator, and hence it is manifestly UV
finite for m > 4.
However, the power-counting is too naive. There can be cancellations within each
diagram. Moreover, individual Feynman diagrams should not necessarily be taken too
seriously since they are not gauge invariant. So cancellations of UV divergences can take
place in the sum of diagrams, rendering the on-shell amplitude better behaved than naive
power-counting indicates.
Actually, pure gravity in 4D is finite at 1-loop order [83]: all the 1-loop UV divergences
cancel! This is can be seen from the fact that the only viable 1-loop counterterm in pure
gravity in 4D must be quadratic in the Ricci tensor, but by a field redefinition such a term
can be completed to the Gauss-Bonnet term which is a total derivative. At 2-loop order,
pure gravity indeed has a divergence [84, 85]. In Yang-Mills theory, divergences are treated
with the procedure of renormalization. However, in gravity, it would take an infinite set of
local counterterms to absorb the divergences and hence the result is unpredictable: pure
gravity is a non-renormalizable theory.
From the point of view of renormalization, the theory described by the Einstein-Hilbert
action is naturally regarded as an effective field theory that cannot be extrapolated to
arbitrarily high energy. To see this, note that the 4D gravitational coupling κ ∼ G1/24 has
dimension of (mass)−1. Perturbative calculations rely on an expansion in the small dimen-
sionless coupling Eκ, where E is the energy scale of the scattering process. Thus, pertur-
bation theory is only valid at energies much smaller than G
−1/2
4 ∼ MPlanck ∼ 1019 GeV. In
other words, perturbation breaks down at high energies and from this point of view Einstein
gravity is an effective field theory. As a classical effective field theory, general relativity is
hugely successful and captures classical gravitational phenomena stunningly as shown by
experimental tests.
Viewing gravity as an effective theory, we can study the perturbative amplitudes. The
tree-level amplitudes capture the classical physics and there are no UV divergences to worry
about. Could we imagine adding matter fields to cure the 2-loop divergence in pure gravity?
Gravity with generic matter is 1-loop divergent [83, 86], but it turns out that any 4D theory
of pure ungauged supergravity is finite at 1- and 2-loop order [87, 88, 89, 90]. Supersymmetry
helps to tame the UV divergences. This is in part due to cancellations between the boson and
fermion loops. To date, only one explicit example of a UV divergence has been calculated
in an amplitude in a pure ungauged supergravity theory in 4D, namely at 4-loop order in
N = 4 supergravity [91].
It has been proposed [92] that maximal supergravity, N = 8, in 4D could perhaps be
ultraviolet finite. Explicit calculations [92, 93, 94, 95, 96] have demonstrated finiteness of
4-graviton amplitudes up to and including 4-loop order, while symmetry arguments have
established that no divergences can occur until 7-loop order [97, 98, 99, 100, 101]. This
can also be analyzed using superspace methods, see [102] and references therein. The
known symmetries do not constrain the divergences past 7-loop order, so it seems that UV
finiteness would require the theory to have some hitherto hidden structure. Perhaps the
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relationships with Yang-Mills theory can clarify this.
From a field theory perspective, gravity needs a suitable UV completion, i.e. another
theory that reduces to general relativity in the low-energy limit. This is true for several
reasons. First, as we have just discussed, perturbation theory breaks down at high ener-
gies. Second, even if each order in a supergravity perturbation theory were UV finite, the
perturbation series is not likely convergent; hence non-perturbative information is needed
for a complete theory. Finally, the UV completion is also needed in order to make sense
of microscopic quantum properties of non-perturbative objects such as black holes. A very
successful candidate for such a UV complete theory of quantum gravity is string theory,
which is the subject of our next section.
4 String theory
String theory combines the ideas of the previous two sections (higher dimensions and su-
persymmetry) and reduces to supergravity in a low-energy limit. In this section we give
an overview of string theory, focussing on gravitational aspects of this large subject.9 We
will see that it has many remarkable properties, including providing a theory of black hole
microstates which reproduce both the Hawking-Bekenstein entropy and Hawking radiation.
4.1 Perturbative string theory
String theory starts with the idea that particles are not really point-like, but excitations of
a one-dimensional string. The string can be closed (topologically a circle) or open (a line
segment). For now, we will focus on closed strings. As a string travels through spacetime,
it traces out a two-dimensional worldsheet. To describe the dynamics of this worldsheet, we
introduce local coordinates (σ, τ) on the worldsheet and Xµ on spacetime, so the position
of the worldsheet is given by Xµ(σ, τ). If we introduce a nondynamical worldsheet metric
γab, then the string action can be written as follows:
S[Xµ, γab] =
1
4pi`2s
∫
dτdσ
√−γγab∂aXµ∂bXνgµν . (4.1)
Here, `s is a new length scale in string theory (called the “string length”) which determines
the string tension T = 1/(2pi`2s). The worldsheet metric γab is essentially “pure gauge”
since S is invariant under both worldsheet diffeomorphisms and Weyl rescalings. One can
remove it by solving its equation of motion δS/δγab = 0 to find that γab is proportional to
the induced metric on the worldsheet. Substituting this back into S reduces the action to
just the area of the induced metric. In other words, the worldsheet must be an extremal
surface. This is a useful way to picture the motion of classical strings, but to quantize the
string in flat spacetime, it is much more convenient to work with (4.1), since it is quadratic
in the dynamical fields Xµ.
9For an introduction to string theory, see [103]. More complete references include [104, 105].
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There are several different approaches to quantize this string (e.g. light cone gauge or
covariant quantization) which differ in how one treats the gauge freedom, but they all agree
on the physical results. The first thing one discovers is that the theory is only consistent in
26 spacetime dimensions. This surprising result arises in different ways depending on the
approach one uses to quantize the string. If one completely fixes the gauge by going to a
light cone gauge, one breaks manifest Lorentz invariance. Lorentz invariance is recovered
only in D = 26. In a covariant quantization, there are negative norm states created by the
operators associated with X0(σ, τ). These states are removed by constraints (associated
with the gauge invariance) in D = 26.
The physical spectrum of this bosonic string includes a scalar tachyon with m2 < 0.
The existence of this tachyon shows that 26-dimensional Minkowski space is unstable in
this theory. Although it is possible that this theory has a stable ground state, it has never
been found. Instead, one proceeds by adding fermions, ψµ, to the worldsheet and makes
the two-dimensional theory supersymmetric. Quantizing this superstring in flat spacetime,
one now finds that it is consistent in ten spacetime dimensions.
The D = 10 spectrum is now tachyon-free and consists of the following massless bosonic
modes: a symmetric traceless “graviton” hµν , a scalar “dilaton” φ, an antisymmetric “Kalb-
Ramond” field Bµν , and some “Ramond-Ramond” fields Fµ···ν which are higher rank gen-
eralizations of a Maxwell field. In addition, there is an infinite tower of higher mass and
higher spin states. Finally, there are fermionic partners for each of these bosonic states so
that the complete spectrum is invariant under spacetime supersymmetry. Note that we only
impose worldsheet supersymmetry, but nevertheless, the spacetime spectrum turns out to
be supersymmetric.10 At large mass, the spectrum is highly degenerate, with an entropy
proportional to the mass. This can be understood by thinking of a highly excited string as
a random walk on a discrete grid, made up of segments of length `s. Due to the tension, a
string with n segments has mass M ∼ n/`s. If the string can move in p directions at each
step, then the total number of configurations is11 pn, so the entropy is S = n log p ∼M`s.
The existence of the graviton is the first indication that a theory of strings has some-
thing to do with gravity. Much stronger evidence comes from quantizing the string in a
static curved spacetime. As we have said, the action (4.1) is classically invariant under
rescaling γab, but quantum mechanically there is a conformal anomaly. To calculate this
anomaly, one analytically continues the spacetime and worldsheet metrics to Euclidean
signature12, and expands gµν(X) in Riemann normal coordinates about a point X0. The
anomaly can then be computed perturbatively in powers of `s/L where L is a typical length
scale of the curvature. To leading order, the conformal anomaly vanishes if the spacetime
satisfies Einstein’s equation: Rµν = 0. If one couples the string to other background fields
corresponding to other massless bosonic modes of the string, one recovers the equations of
supergravity [107]. This is an important point: in string theory, the full classical equations
of motion for the spacetime fields come from demanding conformal invariance of the quan-
10This involves imposing a consistency condition known as the GSO projection [106].
11It is actually slightly less than this if we require the string to return to its starting point and form a
closed loop, but this correction is subleading at large mass.
12To evaluate a path integral, one often analytically continues to Euclidean space to convert the oscillating
integrand into a convergent integral.
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Figure 4: A one-loop string diagram.
tized worldsheet theory. It is a remarkable and deep fact about string theory that Einstein’s
equation arises as a condition on the background fields (which are like coupling constants)
in a two-dimensional quantum field theory. In general, these equations receive higher or-
der corrections involving higher derivative terms, but they are usually negligible unless the
curvature is of order the string scale. Thus general relativity (or supergravity) arises as the
leading order classical equations of motion in string theory.
One of the early successes of string theory was that it provided a perturbatively finite
quantum theory of gravity. To describe this we have to introduce string interactions. The
basic assumption of string theory is that strings interact via a simple splitting and joining
interaction. By quantizing a single string above, we have described a first quantized string.
One might have thought that the next step would be to construct a string field theory in
which the first quantized states Φ[Xµ(σ), ψµ(σ)] are promoted into field operators and one
introduces interactions by adding cubic terms to the action. Progress has been made in this
direction (see, e.g., [108, 109, 110]), but perturbative scattering amplitudes in string theory
are usually computed in a first quantized framework using analogs of Feynman diagrams,
see Fig. 4
This is most well developed starting with Minkowski spacetime, but it can be extended
to other static backgrounds. One again analytically continues both the spacetime and
worldsheet metrics to Euclidean signature. The scattering amplitudes are obtained by
summing over worldsheet topology, and computing the path integral∫
DXµDψµDγab e
−S[Xµ,ψµ,γab] (4.2)
for each topology. One usually takes the external strings to infinity, so the amplitude
corresponds to an S-matrix element. By a conformal transformation, the external strings
can then be mapped to points on a compact Riemann surface, with the state of the string
represented by an operator inserted at that point. After fixing the γab gauge freedom of
diffeomorphisms and Weyl rescalings, there remains a finite-dimensional “moduli space” of
metrics to integrate over for each worldsheet topology.
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The analog of the loop expansion in ordinary quantum field theory is the genus expansion
of the string worldsheet. The reason for this is that the dilaton couples to the string via the
scalar curvature R of the string worldsheet. In other words, one adds to the string action
(4.1) the term 1
4pi
∫
φR[γ]. By the Gauss-Bonnet theorem, if the dilaton is a constant φ0,
this contributes φ0χ to the action where χ is the Euler number of the string worldsheet.
This is related to the genus g by χ = 2(1 − g). In the path integral (4.2) the net effect is
to weigh different worldsheet topologies by g−χs where the string coupling gs is determined
by the dilaton: gs ≡ eφ0 .
As an example, when the external states are all gravitons, the tree level amplitude
for two strings to scatter into two strings reproduces the 2 → 2 graviton scattering of
general relativity in a limit where strings become point-like. Newton’s constant is not
an independent parameter in string theory, but determined in terms of gs and `s. The
ten-dimensional Newton’s constant is G10 = 8pi
6g2s`
8
s.
Unlike quantum field theory in which the number of Feynman diagrams grows rapidly
with the order of perturbation theory, string theory has only one diagram at each loop order
(for a fixed number of external legs). The statement that string theory is UV finite is the
observation that for each loop order, the integral (4.2) has no UV divergences. Intuitively,
this is because the string is an extended object and there is no special point where the
interaction takes place. The extent of the string regulates the short distance divergence in
graviton scattering amplitudes that was discussed in Section 3.4. When these amplitudes
were first computed in the 1980’s, there were some remaining subtleties associated with the
fermions and the integration over “supermoduli” space. However, these issues have all been
resolved [111, 112].
While it is remarkable that string theory picks out a unique spacetime dimension, it is
clearly too large compared to our everyday observations of a 4D spacetime. As discussed
earlier, a standard way to make contact with the real world is to compactify six of the
dimensions. To preserve spacetime supersymmetry in the remaining four noncompact di-
mensions, the internal space is highly constrained. It turns out that it must be a complex
manifold with Ricci flat Kahler metric [113]. Such spaces are called Calabi-Yau spaces.
Simple examples include the six torus, T 6, T 2×K3, and a quintic hypersurface in CP4. The
realization of the importance of Calabi-Yau spaces in string theory started a very fruitful
collaboration between algebraic geometers and string theorists which has continued for over
twenty five years.
A common problem in earlier studies of Kaluza-Klein compactification was to obtain chi-
ral fermions (as observed in the standard model of particle physics) in the lower-dimensional
spacetime. Even if one starts with chiral fermions in the higher-dimensional spacetime, the
reduced spacetime always had an equal number of left-handed and right-handed fermions.
String theory has several ways to cure this problem. The simplest is to use the fact that the
higher-dimensional theory is not just pure gravity. If one starts with nonzero gauge fields in
the higher-dimensional spacetime, the lower-dimensional theory can have chiral fermions.
In Calabi-Yau compactifications, various properties of fermions are simply related to the
topology of the internal manifold (e.g., the number of generations is related to the Euler
number).
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Strings sense spacetime very differently from point particles. In particular, two geomet-
rically different spacetimes can be indistinguishable in string theory. A simple example of
this is flat spacetime with one direction compactified to a circle of radius R. The part of
the string spectrum that depends on R includes the usual momentum modes with energy
O(1/R), but there are also winding modes with energy O(R/`2s). If we change the radius
to `2s/R, this spectrum is completely invariant. The winding and momentum modes simply
trade places. In fact, one can show that all interactions are also invariant, and strings
cannot tell the difference between these two spacetimes. This is the simplest example of
T-duality [114]: whenever the solution is independent of a periodic spacelike direction,
one can change variables in the path integral (4.2) and rewrite the action in terms of a dif-
ferent set of background fields (which include inverting the radius of the periodic spacelike
direction). Since a change of variables does not change the physics, the two backgrounds
are equivalent in string theory.
Another example of different geometries being equivalent in string theory is mirror
symmetry [115, 116]: for solutions of the form M4 × K where M4 is four-dimensional
Minkowski space and K is a Calabi-Yau manifold, one can change a sign of a certain charge
in the worldsheet theory and the interpretation changes from strings moving on M4×K to
strings moving on M4 × K˜ where K˜ is a geometrically and topologically different Calabi-
Yau space. Since the sign of the charge is arbitrary from the worldsheet standpoint, these
two compactifications are equivalent in string theory. As one striking application, mirror
symmetry was used to count the number of holomorphic curves of various degrees in a
given Calabi-Yau manifold [117], reproducing and greatly generalizing results that had
been obtained by mathematicians.
Mirror symmetry has been used to show that spacetime topology change is possible in
string theory. A given Calabi-Yau space usually admits a whole family of Ricci flat metrics,
so one can construct a solution in which the four large dimensions stay approximately flat
and the geometry of the Calabi-Yau space changes slowly from one Ricci flat metric to
another. In this process the Calabi-Yau space can develop a curvature singularity resulting
from a topologically nontrivial S2 being shrunk down to zero area. In the mirror geometry,
there is no singularity and the evolution can be continued. In the original description, the
evolution corresponds to continuing through the geometrical singularity to a nonsingular
Calabi-Yau space on the other side with different topology [118]. It should perhaps be
emphasized that examples like this show that area is not quantized in string theory. In
many supersymmetric examples, the area of certain surfaces in the internal space can vary
continuously. They give rise to massless scalar fields in the noncompact directions that are
known as “moduli”.
In the mid-1980’s, five different perturbative string theories were constructed that were
all consistent in ten spacetime dimensions. There was a theory of open strings called Type
I with N = 1 supersymmetry, and two theories of closed strings with N = 2 supersym-
metry [119]. The latter two differed in whether the two supersymmetry generators had
different chirality (Type IIA) or the same chirality (Type IIB). As the names suggest, the
low-energy limit of these two string theories are the N = 2 supergravity theories in 10D
mentioned in Section 3.2. In addition, there were two theories of closed strings with N = 1
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supersymmetry which required either E8 × E8 or SO(32) gauge groups in ten dimensions
(called heterotic strings) [120]. These gauge groups were required by anomaly cancel-
lation. In fact, it was this discovery [121] that sparked an explosion of interest in string
theory in 1984. It seemed remarkable that string theory not only picked a unique space-
time dimension, but also an essentially unique gauge group. A decade later it was realized
that the five perturbative string theories are all related by a series of “dualities” (which
include T-duality), so there was really only one theory with different weak coupling limits.
This new insight was possible due to an improved understanding of some nonperturbative
aspects of string theory which we now discuss.
4.2 Nonperturbative aspects of string theory and quantum black
holes
In the mid-1990’s, it was discovered that string theory is not just a theory of strings. There
are other extended objects called branes. The name comes from membranes which are
two-dimensional, but branes exist in any dimension: p-branes are p-dimensional extended
objects. Branes are nonperturbative objects with a tension that is inversely related to a
power of the coupling gs.
The most common type of brane is called a D-brane and it has a tension T ∝ 1/gs.
So one could never see these objects in perturbation theory in gs. Even though they are
very heavy, the gravitational field they produce is governed by G10T ∼ gs so as gs → 0,
there should be a flat space description of these objects and it was found by Polchinski
[122]. At weak coupling, a D-brane is a surface in spacetime on which open strings can
end. The D stands for “Dirichlet” and refers to the boundary conditions on the ends of the
open strings. In fact, D-branes were discovered by applying T-duality to a theory of open
strings. Open string worldsheets have boundaries, and by looking at how the Euler number
changes when open strings interact, one finds that the open string coupling constant, go,
satisfies g2o = gs. The tension of a D-brane can be understood by viewing it as a soliton of
the open string theory: T ∝ 1/g2o ∝ 1/gs. The endpoints of the open strings move freely
along the brane but cannot leave the brane unless they join and form a closed string. The
massless states of an open string include a spin-1 excitation, so every D-brane comes with
a U(1) gauge field. When N D-branes coincide in spacetime, the open strings stretching
from one to another also become massless. This enhances the resulting gauge group from
U(1)N to U(N). These D-branes are also sources for the p-form “Ramond-Ramond” fields
Fp.
D-branes have found applications in string phenomenology, i.e., the attempt to connect
string theory with standard four-dimensional particle physics. String theory clearly unifies
the graviton with many matter degrees of freedom. One difficulty is that one often has too
many light degrees of freedom. In particular, the moduli associated with the size of certain
surfaces in the internal directions correspond to 4D massless scalars which we do not see.
One way to make the models more realistic is, roughly speaking, to wrap a brane around
the surface in the internal space (which will try to contract it) and also add flux associated
with Fp (which will try to expand it). Under certain circumstances these forces balance at
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Figure 5: A schematic view of different weak coupling limits of M-theory.
one size of the surface [123]. In terms of the lower-dimensional theory, the scalar field now
has a large mass and has no low-energy dynamical effects.
Soon after D-branes were discovered, evidence was found for a strong-weak coupling
duality called S-duality. The evidence included comparing the masses of certain BPS
states whose masses are fixed by the charges. Using these dualities, it was argued that
all the perturbative string theories are related. In addition, it was proposed that there is
an eleven-dimensional theory called M-theory, whose dimensional reduction on a circle
of radius R = gs`s yields Type IIA string theory [124]. In particular, D0-branes have just
the right properties to represent the momentum modes around this circle. M-theory can
thus be viewed as a strong coupling limit of Type IIA string theory. Its low-energy limit is
eleven-dimensional supergravity. As discussed in Section 3.2, this theory has only a metric,
four-form field strength and spin-3/2 field. The bosonic action is given in (3.11). The four-
form can carry electric charges of 2-branes and magnetic charges of 5-branes, so we deduce
that M-theory is not a theory of strings, but a theory including 2-branes and 5-branes,
which are called M2- and M5-branes.
Putting all the dualities together, M-theory can be viewed as having six different weak
coupling limits corresponding to the five different 10D perturbative string theories, and 11D
supergravity (see Fig. 5). We do not yet understand the fundamental principles underlying
M-theory. The best description we have of this theory is in terms of a matrix model, i.e.,
a quantum theory describing a collection of matrices depending only on time [125]. In this
description, space emerges from the properties of the matrices.
One of the main successes of string theory is its ability to reproduce the Hawking-
Bekenstein entropy of certain black holes as well as Hawking radiation, from a microscopic
quantum theory. For many years it was thought that strings could not explain the entropy of
Schwarzschild black holes since the string entropy is proportional to the mass, whereas the
entropy of Schwarzschild (in D = 4) goes like the mass squared. However, this is misleading.
The string entropy is Sstring ∼ M`s whereas the black hole entropy is SBH ∼ G4M2 and
the four-dimensional Newton’s constant is G4 ∼ g2s`2s. So before one can ask if strings can
explain black hole entropy, one must first specify the string coupling. The natural point
to compare them is when the Schwarzschild radius is of order the string scale, since this
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is when the Schwarzschild solution starts to receive stringy corrections. At this point, the
black hole entropy is [126]
SBH ∼Mr0 ∼M`s ∼ Sstring , (4.3)
so the entropies agree. Since r0 = 2G4M ∼ `s implies gs ∼ (M`s)−1/2, the coupling
remains small for a large mass black hole. This argument continues to hold in D > 4,
and can be generalized to include charges and angular momentum. It leads to a simple
correspondence principle between black holes and strings [127]: when the curvature
at the horizon becomes of order the string scale, the typical black hole state becomes an
excited string state with the same charges and angular momentum. This provides a simple
picture for the endpoint of Hawking evaporation: when black holes evaporate down to the
string scale, they turn into highly excited strings which then continue to decay down to an
unexcited string which is just another elementary particle.
For certain black holes, the entropy can be reproduced exactly in string theory. This
was first shown for nonrotating, extremal 5D black holes [128] and soon generalized to
near-extremal [129, 130] and rotating [69] 5D black holes. Similar results hold for extremal
[131, 132] and near-extremal [133] 4D black holes. Due to the importance of this result, we
now describe one example in some detail. (The following discussion is based on [134].) The
Type IIB supergravity action includes the following terms:
S =
1
16piG10
∫
d10x
√−g
[
e−2φ[R + 4(∇φ)2]− 1
12
F 23
]
, (4.4)
where F3 is a Ramond-Ramond three-form field-strength and φ is the dilaton. This action
is written in terms of the so-called string metric which is the metric that appears in (4.1),
i.e., the metric that the strings directly couple to. We will compactify four directions xi
(i = 6, 7, 8, 9) on circles of length13 2pi. In the resulting six-dimensional spacetime, F3 has
both electric and magnetic type charges, each carried by one-dimensional extended objects:
Q1 =
1
4pi2gs
∫
e2φ ∗ F3 , Q5 = 1
4pi2gs
∫
F3 . (4.5)
The integrals are over an S3 surrounding the object, and ∗ denotes the six-dimensional
Hodge dual. The factor of e2φ is needed in the first integral since ∗F3 by itself is not a
closed form after dimensional reduction to six dimensions. The labels come from the fact
that Q1 is the charge carried by D1-branes and Q5 is the charge carried by D5-branes (which
wrap the T 4). The charges are normalized so that Qi are integers which simply count the
number of branes of each type.
One can show that the following is a black brane solution to the equations of motion
coming from the action (4.4):
ds2 = f(r)−1
[
−dt2 + dx25 +
r20
r2
(
coshσdt+ sinhσdx5
)2
+
(
1 +
gsQ1
r2
)
dxidx
i
]
(4.6)
+f(r)
[(
1− r
2
0
r2
)−1
dr2 + r2dΩ23
]
,
13To simplify the presentation, for the remainder of this Section we will set `s = 1.
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where
f(r) =
(
1 +
gsQ1
r2
)1/2(
1 +
gsQ5
r2
)1/2
. (4.7)
The matter fields take the form:
e−2φ =
(
1 +
gsQ5
r2
)(
1 +
gsQ1
r2
)−1
, (4.8)
F3 = 2gsQ53 + 2gsQ1e
−2φ ∗ 3 , (4.9)
where 3 is the volume form on a unit S
3 and ∗3 is its six-dimensional dual.
If x5 is periodically identified with period 2piR, then momentum in this direction should
be quantized: P = n/R. From (4.6) one finds
n =
r20R
2 sinh 2σ
2g2s
. (4.10)
If one Kaluza-Klein reduces to five dimensions, one has a spherical black hole with three
charges Q1, Q5, n.
The total energy of this solution is14
E =
RQ1
gs
+
RQ5
gs
+
n
R
+
Rr20e
−2σ
2g2s
. (4.11)
The extremal limit corresponds to r0 → 0, σ → ∞ with n fixed. In this limit the last
term vanishes. The remaining three terms are exactly what one would expect from Q1
D1-branes wrapping the S1 with radius R, Q5 D5-branes wrapping the T
4 with unit radii
and the S1 with radius R, and momentum P = n/R. This is a consequence of the fact that
the extremal solution is BPS, so the energy is uniquely determined by the charges.
The Bekenstein-Hawking entropy is
SBH =
A
4G10
= 2pi
√
Q1Q5
r0R coshσ
gs
. (4.12)
String theory can reproduce this entropy in both the extremal and near-extremal limits by
counting states at weak coupling, i.e., in flat spacetime. In the extremal case, one expects
the number of states to be independent of coupling since the solution is supersymmetric
and the states are BPS. (It was a surprise to find that this agreement continued to hold for
slightly near extremal solutions also.) So we want to count the number of bound states of
D1-branes and D5-branes with given momentum in a flat spacetime compactified on a T 4
with unit radii and an S1 with radius R. Since the D5-branes wrap the small T 4, low-energy
excitations only move along the S1, and can be described by an effective 1 + 1 dimensional
theory.
In the extremal limit, the entropy reduces to
SBH = 2pi
√
Q1Q5n . (4.13)
14To compute the ADM energy, one should first conformally rescale the metric by a function of φ so the
action (4.4) contains the standard Einstein-Hilbert term. The result is called the Einstein metric.
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Note that the dependence on all continuous parameters such as R and gs has dropped out.
An examination of the low-energy excitations of Q1 D1-branes and Q5 D5-branes shows
that there are 4Q1Q5 massless bosons. These can be viewed as open strings connecting one
of the D1-branes with one D5-brane. The factor of 4 arises since there are two possible
orientations for the strings and for each orientation, the ground state is two-fold degenerate.
When these D1-D5 strings are excited, the D1-D1 and D5-D5 open strings become massive
and do not contribute to the entropy. This is reflection of the fact that branes are bound
together.
Free fields in 1 + 1 dimensions have independent right and left moving modes. BPS
states with nonzero momentum correspond to exciting only the right moving modes of
these massless fields. So one can simply count the number of states of 4Q1Q5 bosonic fields
(plus an equal number of fermionic fields required by supersymmetry) on a circle of radius
R with total right moving momentum P = n/R. In the limit of large n, the answer is eS
where
S = 2pi
√
Q1Q5n , (4.14)
in perfect agreement with the Bekenstein-Hawking entropy (4.13).
Now suppose we add a small amount of energy to the system keeping the charges
fixed, so it is no longer extremal. To maximize the entropy, the energy will excite the
lightest modes. If R is large, the lightest modes are just the momentum modes. So the
energy excites some additional left and right moving modes. At weak coupling there is
very little interaction between the modes, but it is not zero. However, if r20  gsQ1, gsQ5
and g2sn/R
2  gsQ1, gsQ5, we are in a “dilute gas” regime where interactions are negligible.
This corresponds to a near-extremal black hole. In this case, the entropy computed at weak
coupling is just the sum of the entropies of the left and right moving modes:
S = 2pi
√
Q1Q5
(√
nR +
√
nL
)
, (4.15)
where nR and nL are defined by setting P = (nR − nL)/R and requiring that (nR + nL)/R
be the contribution to the energy from the momentum modes. From (4.10) and (4.11) we
get
nR =
r20R
2e2σ
4g2s
, nL =
r20R
2e−2σ
4g2s
. (4.16)
Substituting into (4.15) we see that the counting at weak coupling precisely reproduces the
entropy of the near-extremal black hole (4.12).
We now include some interactions between the left and right moving modes. Occasion-
ally, a left-moving mode can combine with a right-moving mode to form a closed string
which can leave the brane. This corresponds to the decay of an excited configuration of
D-branes and is the weak-coupling analog of Hawking radiation. Given the remarkable
agreement between the entropy of the black hole and the counting of states of the D-
branes, the next step is to ask how the radiation emitted by the D-brane compares to
Hawking radiation. In both cases, the radiation is approximately thermal with the same
temperature. This is expected since the entropy as a function of energy agrees in the two
cases. What is surprising is that the overall rate of radiation agrees [135]. What is even
more remarkable is that the deviations from the blackbody spectrum also agree [134]. On
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the black hole side, these deviations arise since the radiation has to propagate through the
curved spacetime outside the black hole. This contains potential barriers which give rise
to frequency-dependent greybody factors. On the D-brane side there are deviations since
the modes come from separate left and right moving sectors on the D-branes, with different
effective temperatures. The calculations of these deviations could not look more different.
On the black hole side, one solves a wave equation in a black hole background. The solutions
involve hypergeometric functions. On the D-brane side, one does a calculation in D-brane
perturbation theory. Remarkably, the answers are identical. It is worth emphasizing that
it is not just the dependence on a few parameters which agree. One is comparing the decay
rate as a function of frequency and the entire functional form agrees on both sides. It is as
if the black hole knows that its states are described by an effective 1 + 1 dimensional field
theory with left and right moving modes.
As mentioned earlier, this precise agreement between D-branes and black holes holds
for black holes in 4D as well as 5D,15 but always in the near-extremal limit. Far from
extremality, one still expects string theory to provide a microscopic description of black
holes, but one can no longer rely on the weak-coupling D-brane picture. The extrapolation
to strong coupling now produces significant changes in the properties of the quantum states.
One approach to this problem is discussed in the next section.
5 Holography and gauge/gravity duality
We begin in Section 5.1 by briefly reviewing some general arguments suggesting that quan-
tum gravity might be holographic. In Section 5.2, we formulate gauge/gravity duality, a
precise form of holography that emerges from string theory. We also discuss the evidence
for this duality and its consequences. Section 5.3 offers an overview of some applications of
gauge/gravity duality.
5.1 Holography
The suggestion that quantum gravity might be holographic was originally motivated by
black hole entropy [139, 140]. The idea was simply that the fact that a black hole has
an entropy that scales with its area is in striking contrast to most systems which have an
entropy that is proportional to their volume. This suggests that everything that happens
inside the black hole could be somehow encoded in degrees of freedom at the horizon.
In trying to find a more precise formulation of holography, it is natural to consider space-
times which asymptotically approach anti-de Sitter (AdS) spacetime16. There are several
reasons for this. First, a static slice in AdS is a constant negative curvature hyperboloid,
so the area of a sphere at proper radius R grows exponentially with R. Thus, compared to
flat space, there is “more room at infinity” for the holographic description to live. Second,
15For extensions to black rings, see for example [136, 137, 138].
16See [141] for an early study of quantum field theory in AdS that set the stage for many later develop-
ments.
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the conformal boundary at infinity is timelike, so a holographic description at infinity could
live on an ordinary spacetime. Finally, black hole thermodynamics is better behaved in
AdS since the negative curvature acts like a confining box. In particular, large black holes
in AdS have positive specific heat and can be in thermal equilibrium with their Hawking
radiation [142].
A general argument for holography in quantum gravity was given recently by Marolf
[143]. His argument can be made for either asymptotically flat or asymptotically AdS
boundary conditions, but we focus on the AdS case here. Consider first perturbative quan-
tum gravity about AdS. At linear order, any field at a point in the interior can be evolved
back and expressed as an integral over operators along a surface at large radius. Thus, the
set of boundary operators defined at large radius form a complete set of operators at linear
order. The same argument can be made at each order in perturbation theory. This is not
yet a statement about holography, but more analogous to expressing the value of a field in
terms of initial data at an earlier time. However the Hamiltonian itself is a boundary opera-
tor. This is a unique feature of diffeomorphism invariant theories coming from the fact that
the Hamiltonian can be expressed as a surface integral at infinity. Since the Hamiltonian
generates time evolution, we can express any boundary operator O at one time in terms of
a boundary operator at a different time by solving
d
dt
O(t) = i[H,O(t)]. (5.1)
It follows that, at least in perturbation theory, any observable in the bulk can be expressed
in terms of a boundary observable at one fixed time. This is a statement of holography.
At the full nonperturbative level, the argument for the completeness of boundary observ-
ables is less clear, not least because of the difficulty in defining observables in full quantum
gravity. However, the Hamiltonian is still presumably a boundary observable, so given a
set of boundary observables at one time, one can always evolve them using (5.1) and relate
them to observables at a later time. Thus any information available at the boundary at one
time is also available at any later time. In particular, this is true for an evaporating black
hole. This result can be called “boundary unitarity”. A similar argument can be made even
for asymptotically flat spacetimes using observables defined on spacelike and null infinity.
5.2 Gauge/gravity duality
A much more precise formulation of holography was found by Maldacena by studying
extremal and near-extremal black holes in string theory [144]. The holographic theory
turns out to be an ordinary (supersymmetric) gauge theory. The equivalence between the
gravitational and gauge theories is often called gauge/gravity duality. The motivation for
this duality is the following. Consider a stack of N D3-branes in Type IIB string theory.
At weak coupling, gsN  1, the excitations are described by open strings on the brane and
closed strings off the brane. The massless states consist of N = 4 supersymmetric U(N)
gauge theory (described in Section 3.1) on the brane and Type IIB supergravity off the
brane. In a low-energy limit, one has only long wavelength supergravity modes, but keeps
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all modes of the gauge theory since this theory is conformally invariant. These two sectors
decouple at low energy since the dimensionless coupling to gravity is G10E
8.
When gsN  1, the backreaction of the branes becomes important and produces the
following metric:
ds2 = H−1/2
[
− dt2 + dx21 + dx22 + dx23
]
+H1/2
[
dr2 + r2dΩ25
]
, (5.2)
where
H(r) = 1 +
L4
r4
, L4 = 4pigsN`
4
s . (5.3)
The branes no longer appear explicitly, but are represented by a nonzero flux of a 5-form field
strength F5. This metric describes an extremal black brane. There is a smooth degenerate
horizon at r = 0. The excitations are closed strings in the above spacetime. Low-energy
excitations consist of either arbitrary closed strings which are very close to the horizon
(and hence have a large redshift) or massless closed strings far from the horizon with very
low frequency. The latter sector is again long-wavelength modes of IIB supergravity. In a
low-energy limit, these two sectors decouple, since the absorption cross section of the black
hole goes to zero as ω → 0. The near-horizon limit of (5.2) is obtained by dropping the “1”
in H, i.e., setting H = L4/r4. The resulting spacetime is the product of S5 with radius L
and five-dimensional anti-de Sitter spacetime (AdS5) with radius of curvature L:
ds2 =
r2
L2
[
− dt2 + dx21 + dx22 + dx23
]
+
L2dr2
r2
. (5.4)
We see that at both weak and strong coupling, the low-energy description of a stack of
D3-branes has two decoupled sectors. In each case, one sector is low-energy supergravity
modes. It is thus natural to identify the other two sectors. This means that we have a
system which at weak coupling looks like supersymmetric Yang-Mills (SYM) and at strong
coupling looks like strings in AdS5×S5. But SYM also exists at strong coupling, and string
theory exists at weak coupling, so these two descriptions must be equivalent. Thus we are
led to the following remarkable conjecture:
Four-dimensional N = 4 supersymmetric U(N) gauge theory is equivalent to IIB string
theory with AdS5 × S5 boundary conditions.
This is the simplest (and most well studied) example of gauge/gravity duality, the
equivalence between a theory of (quantum) gravity and a nongravitational gauge theory. We
will discuss some generalizations later. String theory with boundary conditions AdS5 × S5
has two dimensionless parameters (gs, L/`s), and the gauge theory has two dimensionless
parameters, (gYM, N). They are related by 4pigs = g
2
YM, and (L/`s)
4 = g2YMN .
The coordinates (5.4) do not cover all of AdS5 but only the so-called “Poincare patch”.
As it stands, the duality is between string theory on spacetimes asymptotic to (5.4) and
SYM on Minkowski spacetime, where the Minkowski space can be viewed as the conformal
boundary of (5.4). However, it is easy to extend the duality to all of AdS5 where the
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conformal boundary is now the Einstein static universe, S3×R, and the SYM lives on this
spatially compact space. The interior of AdS5 is often called the “bulk”.
Recall that Newton’s constant in ten dimensions is given in string theory by G10 ∼ g2s`8s.
It follows from (5.3) that L4 ∼ N`4p, where `p is the Planck length. Thus if N is O(1),
the curvature in the bulk is of order the Planck scale everywhere. This is an interesting
regime from the standpoint of quantum gravity. The gauge theory is relatively simple, but
it is hard to give a physical interpretation of any SYM observables in terms of the dual
gravitational theory.
In the opposite limit when N is large, we have L `p, so typical curvatures are much
smaller than the Planck scale and quantum gravity effects are suppressed. In the gauge
theory it is convenient to consider the ’t Hooft limit: N → ∞, gYM → 0 with λ ≡ g2YMN
held fixed. The ’t Hooft coupling λ then acts as the natural coupling constant in this limit
and only Feynman diagrams that can be drawn on a plane contribute. On the string theory
side, when λ  1 we have L  `s, so stringy excitations in the bulk are suppressed and
one can work with just supergravity modes. Note that in this limit where the gravity side
is simple, the gauge theory is strongly coupled and poorly understood. Conversely, when
λ  1, the gauge theory is weakly coupled and well understood, but the gravity side is
very stringy. It is this strong/weak coupling aspect of the duality which allows two very
different sounding theories to be equivalent.
Since G10 ∼ g2s`8s ∼ L8/N2, and L is held fixed in the ’t Hooft limit, it follows that the
gravitational backreaction of all states becomes negligible unless the energy of the state
grows at least as fast as N2. So all states with E < O(N2) can be described by fields
propagating on AdS. Since there are O(N2) degrees of freedom in the gauge theory, states
with energy E ∼ O(N2) are natural to consider since they correspond to exciting each
degree of freedom by an amount independent of N .
Note that a four-dimensional gauge theory is describing a ten-dimensional theory of
gravity. So it is an extreme type of hologram which encodes six extra spatial dimensions.
For perturbations of AdS5 × S5 one can show (by comparing representations of SO(6))
that information about position on S5 is encoded in products of the six scalar operators
φi in N = 4 SYM. The radial dimension in AdS5 is related to an energy scale in the dual
gauge theory. This is suggested by the fact that in Poincare coordinates (5.4) the metric is
invariant under r → ar, (t, xi) → (t, xi)/a. So small radius corresponds to large distance
or low energy in the gauge theory.
The claim that a four-dimensional gauge theory could describe all of ten-dimensional
string theory sounds so crazy that one might think that one could disprove it quite easily.
Let us try. Having extra spatial dimensions usually leads to more quantum states (since,
e.g., one can have momentum modes in more directions). So we will compare the entropy
in the two theories at a high temperature T . In the gauge theory, the entropy is given by
the usual formula for a thermal gas with N2 degrees of freedom
SSYM ∼ N2T 3V3 , (5.5)
where V3 is the volume of the three-dimensional space. On the gravity side, it would seem
that one could exceed this including only the massless modes of the string. A thermal gas
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of massless particles in ten dimensions has energy density proportional to T 10, so from the
first law, its entropy density is proportional to T 9. It would appear that at sufficiently high
temperature, the entropy in the bulk vastly exceeds that on the boundary.
Of course this estimate is incorrect since it ignores the fact that the gas will collapse to
form a black hole. In addition to the usual spherical black holes, AdS has black holes in
which the horizon geometry is flat. Since we have estimated the entropy of SYM on flat
space, these “planar black holes” are the appropriate comparison. They take the form
ds2 =
r2
L2
[(
1− r
4
0
r4
)
dt2 + dxidx
i
]
+
(
1− r
4
0
r4
)−1
L2dr2
r2
+ L2dΩ25 , (5.6)
and have a temperature T = 3r0/4piL
2. Their entropy is
SBH =
A
4G10
∼ L
8T 3V3
G10
∼ N2T 3V3 , (5.7)
which agrees with the estimate from the gauge theory. In fact, this shows that the gauge
theory has enough microstates to reproduce the black hole entropy. Gauge/gravity duality
relates the black hole to a thermal state in the dual field theory.
It is difficult to compare the numerical coefficient in the above comparison of the entropy.
This would require an exact calculation of the number of states in the gauge theory at strong
coupling. If one instead does the calculation at weak coupling, one gets an answer which
differs from the black hole entropy by a factor of 3/4: SBH = 3/4SSYM [145]. It should
be emphasized that this difference is not a problem for gauge/gravity duality: eSSYM is
the number of SYM states at weak coupling, and the number of states of a given energy is
expected to decrease with coupling. This is because the form of the Yang-Mills Hamiltonian
implies that increasing the coupling will increase the potential energy of each SYM state,
and hence lower the total number of states at fixed energy. The duality predicts that at
strong coupling, the entropy will agree with the black hole. It is surprising that what
appears to be a complicated QFT calculation only changes the answer by a factor of 3/4.
This prediction is waiting to be verified by a direct calculation.
This situation should be contrasted with that at the end of the previous subsection. In
that case, we again compared a black hole entropy with a calculation at weak coupling and
found precise agreement. The key difference is that that black hole was supersymmetric
(or nearly supersymmetric), so the mass of each state is fixed by the charge. The entropy
is then independent of the coupling constant, and a precise comparison is possible.
Only gauge invariant observables can be compared on both sides of the duality. A large
class of such observables can be compared as follows [146, 147]. For every field Φ in the bulk
there is a corresponding operatorO in the dual gauge theory. Supergravity fields correspond
to simple gauge invariant operators constructed as a single trace of a local product of the
super Yang-Mills fields. (An early check of the duality was that there was indeed a one-to-
one correspondence between supergravity fields and suitable SYM operators.) Asymptotic
values of the bulk fields act as sources for the dual operator in the following sense: the
string theory partition function with boundary condition17 Φ → Φ0 should equal the field
17More precisely, Φ typically vanishes asymptotically, and Φ→ Φ0/r∆ where ∆ is related to the mass of
the bulk field.
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theory partition function with action
S[Φ0] = SSYM +
∫
Φ0O . (5.8)
In other words
Zstring theory(Φ→ Φ0) =
∫
DA Dφ eiS[Φ0] ≡ ZSYM[Φ0]. (5.9)
In the ’t Hooft limit with large λ, the left hand side can be approximated by just the su-
pergravity fields, and further approximated by the exponential of the action of the classical
solution with the boundary condition Φ → Φ0. By taking a derivative with respect to the
source Φ0, one can show that the expectation value of O is related to a subleading term in
the asymptotic behavior of the classical solution.
Gauge/gravity duality is a conjecture. It has not yet been proven. Since SYM is a
complete nonperturbative quantum theory and we do not have an independent complete
nonperturbative description of string theory, one might wonder what a proof would consist
of. In fact, one might be tempted to define nonperturbative string theory in terms of the
dual SYM and claim the duality is true by definition. But this is much too quick. A proof
is necessary and would consist of showing that everything we know about string theory,
including the space of classical solutions (with AdS boundary conditions) and perturbation
theory about them, is reproduced in the SYM theory.
Although there is no proof, there is by now overwhelming evidence that gauge/gravity
duality is correct. The early evidence included the fact that the symmetries on the two
sides agree: N = 4 supersymmetric gauge theory in D = 4 is conformally invariant, so it
is invariant under SO(4, 2). As described in Section 3.1, the theory includes 6 scalars that
transform in the fundamental representation of the R-symmetry SO(6). AdS5 × S5 has an
isometry group which is precisely SO(4, 2) × SO(6). The supergroups also agree. More
nontrivial checks came later and include a vast number of calculations in which a physical
quantity is computed on the two sides of the duality. Although the two calculations often
look very different, the final answers agree. We mention a few examples below:
• Wilson loops in the gauge theory are natural (nonlocal) gauge invariant operators.
Given a curve C one considers18 W = Tr P exp[∫C A], where P denotes path ordering
and Tr denotes trace in the adjoint representation of the gauge group. The expectation
value 〈W 〉 of these Wilson loops can be calculated on the gravity side by considering
string worldsheets in spacetime that end on the loop C at infinity. The area of the
string worldsheet is then related to 〈W 〉. In certain cases, one can compute 〈W 〉
exactly in the gauge theory and find complete agreement with the gravity calculation
[148].
• Renormalization group (RG) flow is the quantum field theory process of integrating
out the high energy modes to obtain a new effective theory at lower energy. N = 4
18The objects that can be computed holographically are actually slight generalizations of the usual Wilson
loop which include the six scalars in the gauge theory.
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SYM is conformally invariant, so there is no scale, and the RG flow is trivial. However,
one can add relevant operators, for example mass-terms, to this theory and find that
RG flow leads to a different conformal field theory at low energy with fewer degrees of
freedom. On the gravity side, this corresponds to modifying the boundary conditions
at infinity and finding a new static solution to Einstein’s equation. One finds that at
small radius, this new solution approaches (5.4) but now with L replaced by a new
AdS radius L˜. There is detailed agreement between the CFT one gets at low energy
and the new AdS [149]. In particular the new AdS length scale L˜, is related to the
number of degrees of freedom in the new low-energy dual theory in just the same way
as in the asymptotic region.
• All the states of supergravity in the bulk have precise descriptions in the dual gauge
theory. What about the excited string states? In general, it is hard to identify the
dual of these states, but this has been done in a certain limit [150]. If one starts
with a null geodesic wrapping the S5, one can take a Penrose limit and obtain a 10D
plane wave. In the gauge theory, this corresponds to considering states of the form
Tr [ZJ ]|0〉, where J is a large angular momentum and Z = φ5 + iφ6 (φi are the six
scalars of N = 4 SYM). The complete spectrum of the string in the bulk plane wave
background is exactly reproduced in the gauge theory by replacing some of the Z’s
with φi, i = 1, 2, 3, 4, or DµZ = ∂µZ + [Aµ, Z]. It is as if the Z’s in the gauge theory
create a string with transverse oscillations generated by φi and DµZ.
• If one restricts to a class of states preserving 1/2 of the supersymmetry, one can make
the correspondence between the gravity and gauge theory much more explicit [151].
Let us work with global AdS so the field theory lives on S3 × R. We will actually
restrict to fields that are independent of S3 and hence reduce to N × N matrices.
In fact, we only consider states created by a single complex matrix, so they can be
described by a one-matrix model. (In terms of the six scalars in the gauge theory,
this is again Z = φ5 + iφ6.) This theory can be quantized exactly in terms of free
fermions, and the states can be labeled by arbitrary closed curves on a plane. (The
plane represents phase space and the closed curves denote the boundary of regions
that are occupied.) The states are all invariant under SO(4) × SO(4) where the
first factor corresponds to rotations on the S3 and the second factor corresponds to
rotations of the remaining four scalars φ1, · · ·φ4 in the gauge theory.
On the gravity side, one considers solutions to ten-dimensional supergravity involving
just the metric and self-dual five-form F5. The field equations are simply dF5 = 0 and
Rµν = FµαβγδFν
αβγδ. (5.10)
There exists a large class of stationary solutions to (5.10), which have an SO(4) ×
SO(4) symmetry and can be obtained by solving a linear equation [151]. These
solutions are nonsingular, have no event horizons, but can have complicated topol-
ogy. They are also labeled by arbitrary closed curves on a plane. This provides a
precise way to map states in the field theory into bulk geometries. Only for some
“semi-classical” states is the curvature below the Planck scale everywhere, but the
matrix/free-fermion description readily describes all the states in this class, of all
topologies, within a single Hilbert space.
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• The above examples check gauge/gravity duality in the large N limit where the bulk
is described by supergravity. There is also evidence that the duality remains true
at finite values of N . A striking example is the ‘string exclusion principle’ [152].
Graviton states on S5 arise in the gauge theory from acting on the vacuum with an
operator involving traces of products of the φi. However, these fields are N × N
matrices, so the traces cease to be independent for products of more than N fields.
This leads to an upper bound on the angular momentum J on S5:
J/N ≤ 1. (5.11)
From the point of view of supergravity this is mysterious, because the graviton states
exist for arbitrary J . However, there is an elegant resolution in string theory [153]
using something called the “Myers effect” [154]. This is the fact that a stack of D-
branes in an external field can become polarized and take the shape of a sphere. In
a certain limit, the graviton can be viewed as a stack of D0-branes, and one can
show that when it moves sufficiently rapidly on the sphere, it will blow up into a
spherical D3-brane, and J = N turns out to be the largest D3-brane that will fit in
the spacetime. Thus the same bound is found on both sides of the duality, and this
is a nonperturbative statement in N : it would be trivial in a power series expansion
in 1/N .
So far we have discussed gauge/gravity duality with asymptotic AdS5 × S5 boundary
conditions. This is the most well studied example of gauge/gravity duality, but many other
examples exist. Applying a similar argument to a stack of M2-branes shows that M-theory
on asymptotically AdS4×S7 is equivalent to a 2+1 dimensional field theory of gauge fields
and matter with a Chern-Simons action for the gauge fields, called ABJM theory [155].
Applying the argument to a stack of M5-branes shows that M-theory on asymptotically
AdS7 × S4 spacetimes is equivalent to a still-mysterious 5 + 1 dimensional field theory
describing low-energy excitations of the M5-branes. These dualities can also be extended in
other ways, such as replacing the Sn with other Einstein spaces. The corresponding change
in the gauge theory is known in many cases [156]. One can also put the gauge theory on any
spacetime, not just Minkowski space and the Einstein static universe. In these cases, the
boundary condition in the bulk is a space-time which is only locally asymptotically AdS.
Let us mention an example of a nontrivial check of the AdS4 duality. For certain 2 + 1
supersymmetric gauge theories, one can calculate exactly the Euclidean partition function of
the theory on a squashed S3 [157]. This is possible using a technique known as localization.
One can then find the dual euclidean gravitational solution which asymptotically approaches
the squashed S3. If one computes the gravitational action and compares with the gauge
theory partition function one finds Zgauge = e
−Sgrav . Each side is a function of the squashing
parameter, and the two functions agree exactly. Once again, the calculations on each side
look completely different, but the final answers agree. Similarly, the maximization of the
free energy (‘f -maximization’) of the 3D ABJM field theory [155] on S3 has a matching
gravitational dual description [158].
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5.3 Applications
Given the overwhelming evidence for gauge/gravity duality, we now assume its validity
and ask what it can teach us. The duality can be used in both directions to learn about
quantum gravity and also about aspects of nongravitational strongly coupled physics. The
following applications all represent fields of active research.
Quantum black holes: An immediate consequence of gauge/gravity duality is that
the process of forming and evaporating a small black hole must be unitary. This is because
it can be mapped to a process in the dual gauge theory in which states evolve by a standard
Hamiltonian. However, the details of this map are not yet clear. In particular, it is still
unknown how the information gets out of the black hole, and what is wrong with Hawking’s
original semiclassical argument [159] that black hole evaporation would lead pure states to
evolve to mixed states.
For over a decade after the discovery of gauge/gravity duality, many people believed that
the information could be restored by keeping track of subtle correlations in the Hawking
radiation that were missed in a semi-classical treatment. However, it was shown in [160]
that this can never work: small corrections to Hawking’s calculations are not sufficient to get
the information out. One alternative that has been suggested is “fuzzballs” [161]. This is
the idea that the standard black hole solutions describe ensemble averages, and individual
pure states do not have horizons. They are instead described by classical solutions (or
more generally quantum states) that extend out to the would-be horizon. In support of
this idea, a large class of supergravity solutions have been constructed which are stationary,
nonsingular, and have the same mass and charge as an extremal black hole. It remains to
be seen whether all black hole microstates can be realized in this way.
Another alternative has been proposed recently. A key assumption in Hawking’s argu-
ment that black hole evaporation would not be unitary was that the horizon locally looks
like flat space to an in-falling observer. Since we now believe that the evolution is unitary,
people have started to question this assumption. It has been suggested [162] that someone
falling into an evaporating black hole would hit a “firewall” at the horizon and burn up. It
was argued that this would be true even for a large black hole as long as it has evaporated
to at least half its original mass. This has caused considerable controversy. The only thing
that is clear is that the following three plausible sounding statements are inconsistent: (1)
Information is not lost in black hole evaporation, i.e., pure states evolve to pure states. (2)
Observers falling into a large black hole pass through the horizon unaffected. (3) Quantum
field theory in curved spacetime is a good approximation outside a large black hole. At the
moment there is no resolution in sight. The fundamental questions raised by Hawking 40
years ago are still unanswered.
Quark confinement: String theory began in the late 1960’s as a model of hadrons.
As a result of quark confinement, quarks often act like they live at the ends of a string. (It
was only in the 1970’s that string theory was reinterpreted as a theory of quantum gravity.)
It light of this, it is interesting that gauge/gravity duality provides a simple geometric
picture of quark confinement. The idea is that the potential between two quarks on the
boundary can be computed in terms of a string in the bulk which ends on the quarks. Since
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strings have a tension, they want to minimize their length. Given the geometry of AdS,
such strings do not stay in the asymptotic region, but extend into the bulk. Suppose the
bulk geometry smoothly caps off at some radius, e.g., because a circle pinches off there19.
Then the string connecting two quarks separated by a large distance L on the boundary
drops quickly to this minimum radius, moves a distance L at that radius, and then returns
to the boundary. This means the length of the string increases linearly with L resulting
in a linearly growing potential between the quarks, i.e., the quarks are confined. It is
remarkable that a complicated strongly coupled quantum field theory effect such as quark
confinement can be given such a simple geometric description. Since we do not currently
have a gravitational dual of pure QCD, one cannot yet use holography to argue for quark
confinement in the standard model.
Hydrodynamics: The long wavelength limit of any strongly coupled field theory is
expected to be described by hydrodynamics. It has been shown that general relativity
indeed reproduces standard (relativistic) hydrodynamics in the boundary theory. To see
this, one uses the boundary stress tensor which can be defined for any asymptotically
AdS spacetime [163, 165]. Under gauge/gravity duality, this is equal to the expectation
value of the stress tensor in the dual field theory. One then starts with the planar black
hole representing a system in equilibrium at temperature T , and adds long wavelength
perturbations. The boundary stress tensor is conserved and takes the form of a perfect
fluid plus corrections involving derivatives of the four-velocity. The first derivative term
represents viscosity. Dissipation in the dual theory simply corresponds to energy flowing
into the black hole.
One can show that the ratio of the shear viscosity η to entropy density s is a universal
constant for any theory with a gravity dual [166]:
η
s
=
1
4pi
. (5.12)
This number is very low compared to ordinary fluids. Remarkably, when experiments at
RHIC and LHC collide heavy ions together, they produce a quark/gluon plasma which has
very low viscosity. The measured viscosity is in fact close to the value predicted from the
gravity dual. This is difficult to explain using traditional methods.
The connection between gravity and fluid dynamics raises an interesting question. Tur-
bulence is a common feature of fluids, but perturbations of black holes are expected to
decay and not show turbulent behavior. In recent work [167] it has been shown that under
certain conditions, black holes in AdS do show turbulent behavior.
Condensed matter: Given the success with heavy ion collisions, people became more
ambitious and started to apply gauge/gravity duality to study properties of finite density
quantum matter, i.e., the subject of condensed matter. Despite the fact that there is no
obvious analog of the large N limit in this case, classical gravity analogs of several condensed
matter phenomena have been found. The advantage of this duality is that it allows one to
calculate transport properties of strongly correlated systems at finite temperature. This is
difficult to do using standard condensed matter techniques, but is easy to do holographically.
19It is easy to construct bulk solutions with this property, see e.g. [164].
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One starts with a black hole in AdS which represents the equilibrium system at temperature
T . To compute transport using linear response, one simply perturbs the black hole.
We focus on one example: superconductivity. In standard superconductors, pairs of
electrons with opposite spin can combine to form a charged boson called a Cooper pair.
Below a critical temperature, these bosons condense and the DC conductivity becomes
infinite. To construct a “holographic superconductor”, i.e., the gravitational dual to a
superconductor, we need just gravity coupled to a Maxwell field and a charged scalar
field. A charged black hole corresponds to a system at temperature equal to the Hawking
temperature, T , and nonzero charge density (or chemical potential). To represent a nonzero
condensate, one needs a static charged scalar field outside the black hole. This is like black
hole “hair”. So to describe a superconductor, we need to find a black hole that has hair
at low temperatures, but no hair at high temperatures. More precisely, we need the usual
Reissner-Nordstrom AdS black hole (which exists for all temperatures) to be unstable to
forming hair at low temperature. At first sight, this is not an easy task, since it contradicts
our usual intuition that black holes have no hair.
A surprisingly simple solution to this problem was found by Gubser [168]. He argued
that a charged scalar field around a charged black hole in AdS would have the desired
property. Consider
S =
∫
d4x
√−g
(
R +
6
L2
− 1
4
FµνF
µν − |∇Ψ− iqAΨ|2 −m2|Ψ|2
)
. (5.13)
This is just general relativity with a negative cosmological constant Λ = −3/L2, coupled
to a Maxwell field and charged scalar with mass m and charge q. It is easy to see why
black holes in this theory might be unstable to forming scalar hair: for an electrically
charged black hole, the effective mass of Ψ is m2eff = m
2 + q2gttA2t . But the last term is
negative, so there is a chance that m2eff becomes sufficiently negative near the horizon to
destabilize the scalar field. Detailed calculations confirm that scalar hair does indeed form
at low temperature [169]. Why wasn’t such a simple type of hair noticed earlier? One
reason is that this does not work for asymptotically flat black holes. In that case, the
scalar field simply radiates away some of the mass and charge of the black hole in a form
of superradiance.
The conductivity can be calculated by perturbing this black hole with boundary con-
ditions on the Maxwell field at infinity that correspond to adding a uniform electric field.
The induced current is read off from a subleading term in the perturbation. One finds
that at low temperature when the scalar hair is present, the DC conductivity is infinite,
showing one really does have a superconductor [169]. A similar calculation can be done in
five dimensions, corresponding to a 3 + 1-dimensional superconductor. However the four-
dimensional bulk calculation is appropriate for some “high temperature” superconductors
such as the cuprates, in which the superconductivity is associated with two-dimensional
CuO planes.
To make the model more realistic, we can add the effects of a lattice by requiring
the chemical potential be a periodic function. This corresponds to a periodic asymptotic
boundary condition on At. One then numerically finds the rippled charged black holes with
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this boundary condition. One can then perturb this solution and compute the conductivity
as a function of frequency. At high temperature (when the scalar field is zero), the result
shows a finite DC conductivity followed by a power law fall-off |σ(ω)| = B/ω2/3 + C [170].
Exactly this same type of power law fall-off (but without the constant off-set C) is seen in
certain cuprates in their normal phase before they become superconducting. This behavior
is not understood from standard condensed matter arguments. It is believed to be a result
of strong correlations. Experiments show that the coefficient B and the exponent 2/3 are
temperature independent and do not change even when T drops below the superconducting
transition temperature. Similarly, one finds no change in the power law fall-off on the gravity
side, when one lowers the temperature of the black hole into the superconducting regime
[171].
Entanglement entropy: An important quantity in condensed matter is the entangle-
ment entropy. Given a quantum state of a system and a subregion A, one can construct
the density matrix ρA by tracing over all degrees of freedom outside A. The entanglement
entropy is then defined to be
SEE = −TrρA ln ρA . (5.14)
This is a measure of long range correlations and has proven useful in a variety of applications
including identification of exotic ground states. Unfortunately, it is difficult to calculate in
general interacting theories. A simple formula has been given for SEE using gauge/gravity
duality [172]. For a static spacetime, consider the minimal surface Σ which ends on the
boundary of A at infinity. The conjecture is that SEE = AΣ/4G, where AΣ is the area of
Σ. In other words, the entanglement entropy is given by a formula which is very similar
to the Hawking-Bekenstein entropy of a black hole. Since Σ extends out to infinity, its
area is infinite. But SEE is also infinite if one includes arbitrarily short wavelength modes
which cross the boundary of A. There is a prescription to regulate this divergence both in
the gravity side and dual field theory. Using this prescription, this conjecture has passed
a large number of nontrivial tests [173]. A derivation using Euclidean gravity has recently
been provided [174]. It has even been suggested that quantum entanglement might be a
key to reconstructing the bulk spacetime [175].
6 Conclusion
We have seen that combining supersymmetry with general relativity to form supergravity
improves the behavior of perturbative graviton scattering amplitudes, but is not expected
to provide a UV complete quantum theory. The situation is much improved in string theory,
which not only has perturbatively finite scattering amplitudes, but also provides a complete
description of the microstates of certain black holes, and gives a precise form of holography
for certain boundary conditions.
In a review of such a large subject, several topics are inevitably left out. One is string
phenomenology — the attempt to find a choice of compactification and fluxes so that the low
energy theory looks like some extension of the standard model of particle physics (coupled
to gravity). Another area that we have not had space to describe are attempts to model
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de Sitter spacetime in string theory. This is useful for stringy models of both inflation and
the current acceleration of the universe due to dark energy.
There remain many directions for future research. One concerns spacetime singularities
in string theory. It has been shown that string theory can resolve certain types of singular-
ities, but these tend to be static timelike singularities. It is not known in detail how string
theory resolves the naked singularities arising from the instability of black strings and black
branes. More importantly, very little is known about the most significant singularities of
general relativity, such as the big bang and the singularity inside black holes. It is not clear
that string theory “resolves” such singularities in the sense that there is another semiclas-
sical spacetime on the other side. For example, in the case of the big bang, it is possible
that time emerges from a more fundamental description in much the same way that space
emerges in our current theories of holography. In addition, we need to better understand
the dictionary relating quantum gravity with anti-de Sitter boundary conditions to the
dual gauge theory. Some elements of this dictionary are known, but many more remain
to be understood. A key test will be to understand how the information comes out of an
evaporating black hole. Another area where progress is needed is to extend holography to
asymptotically flat or de Sitter spacetimes.
String theory has had an amazing history. It began as a theory of hadrons and was
reinvented as a theory of quantum gravity based on 10D strings. It can be understood
as a weak-coupling limit of an 11D theory, M-theory, which includes membranes and five-
branes. And with anti-de Sitter boundary conditions, superstring theory is believed to be
equivalent to a supersymmetric gauge theory. Since string theory has both the ingredients
of the standard model of particle physics and of quantum gravity, it unifies the fundamental
forces and is therefore a candidate for a ‘theory of everything’. Thus, it was long hoped that
string theory would produce a single unique ‘vacuum’ that would unify our understanding of
particle physics, gravity, and cosmology, i.e. that it would explain all parameters in particle
physics and beyond in a unified framework. It was later realized that string theory does
not produce such unique predictions, and we will have to make choices among the various
vacua.
However, string theory has recently surprised us again. Rather than “just” being a
unified framework for particle physics and quantum gravity, investigations of gauge/gravity
duality have revealed totally unexpected connections with other areas of physics. String
theory is now expanding into the realm of nuclear physics, hydrodynamics and condensed
matter. We are clearly only beginning to explore the depth and potential applications of
this remarkable subject.
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